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Abstract
We study U(1) symmetries dual to Betti multiplets in the AdS4/CFT3 cor-
respondence for M2 branes at Calabi-Yau four-fold singularities. Analysis of the
boundary conditions for vector fields in AdS4 allows for a choice where wrapped
M5 brane states carrying non-zero charge under such symmetries can be con-
sidered. We begin by focusing on isolated toric singularities without vanishing
six-cycles, and study in detail the cone over Q111. The boundary conditions con-
sidered are dual to a CFT where the gauge group is U(1)2 × SU(N)4. We find
agreement between the spectrum of gauge-invariant baryonic-type operators in
this theory and wrapped M5 brane states. Moreover, the physics of vacua in
which these symmetries are spontaneously broken precisely matches a dual grav-
ity analysis involving resolutions of the singularity, where we are able to match
condensates of the baryonic operators, Goldstone bosons and global strings. We
also argue more generally that theories where the resolutions have six-cycles are
expected to receive non-perturbative corrections from M5 brane instantons. We
give a general formula relating the instanton action to normalizable harmonic
two-forms, and compute it explicitly for the Q222 example. The holographic
interpretation of such instantons is currently unclear.
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1 Introduction
Over the last two years there have been major advances towards understanding the
AdS4/CFT3 duality. Elaborating on [1, 2], Aharony, Bergman, Jafferis and Maldacena
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[3] proposed a theory conjectured to be dual to M2 branes probing a C4/Zk singularity,
where Zk acts with weights (1, 1,−1,−1) on the coordinates of C4. This low energy
theory on the worldvolume of N coincident M2 branes is a U(N)k × U(N)−k quiver
Chern-Simons (CS) theory, with a marginal quartic superpotential whose coefficient is
related by the high degree of SUSY to the CS coupling. Indeed, for generic CS coupling
k the theory enjoys N = 6 SUSY, and as such possesses an SO(6)R symmetry which
is manifest in the potential [4]. The theory is then automatically conformal at the
quantum level. For k = 1, 2 the SUSY is enhanced to N = 8. In field theory it
has been argued [3] that this enhancement is due to quantum effects where ’t Hooft
monopole operators play a key roˆle. Indeed, the ABJM theory has just the right
structure [5] for these monopole operators to have appropriate quantum numbers that
then allow for such a symmetry enhancement.
Motivated by this progress in understanding the maximally SUSY case, it is nat-
ural to consider M2 branes moving in less symmetric spaces, leading to versions of
the duality with reduced SUSY. Inspired by ABJM [3], the theories considered are∏G
a=1 U(N)ka quiver CS (QCS) theories with bifundamental matter. The roˆle of the
CS levels is far from trivial, and it has been argued in [6, 7] that the sum
∑G
a=1 ka
corresponds to the Type IIA SUGRA Romans mass parameter. In this paper we will
focus entirely on the case in which the CS levels sum to zero; the Romans mass then
vanishes and the system admits an M-theory lift.
Since the kinetic terms for the gauge fields are given by the CS action, the only
classically dimensionful parameters are the superpotential couplings. Strong gauge
dynamics is then conjectured to drive the theory to a superconformal IR fixed point.
In [8, 9, 10], a general analysis of the moduli spaces of such superconformal gauge
theories was presented. In particular, it is crucial that the CS levels sum to zero if
there is to be a so-called geometric branch of the moduli space which is a Calabi-Yau
four-fold cone, where the branes are interpreted as moving. In parallel to the ABJM
case, multiplying the vector of CS levels by an integer orbifolds this moduli space in
a certain way. More precisely, the theory with k = gcd{ka} has a (abelian) moduli
space which is a Zk quotient of the moduli space of the theory with CS levels {ka/k}.
Generically this group will not act freely away from the tip of the cone. In this case
one might expect additional gauge symmetries at such fixed points. This has recently
motivated [11, 12] the consideration of dual field theories which involve fundamental,
as well as bifundamental, matter. It is however fair to say that, at present, there is no
comprehensive understanding of these constructions.
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On general grounds, the presence of global symmetries is of great help in classifying
the spectrum of a gauge theory. One particularly important such global symmetry is
the R-symmetry. In three dimensions a theory preserving N supersymmetries admits
the action of an SO (N ) R-symmetry. Thus the existence of a non-trivial R-symmetry,
which can then provide important constraints on the dynamics, requires that we focus
on N ≥ 2, implying there is at least a U(1)R. In particular it then follows that, as-
suming the theory flows to an IR superconformal fixed point, the scaling dimensions
of chiral primary operators coincide with their R-charges. We note that, generically,
the N = 2 theories considered have classically irrelevant superpotentials. Strong gauge
dynamics is required to give large anomalous dimensions, thus making it possible to
reach a non-trivial IR fixed point. However, in three dimensions there are few indepen-
dent field theory checks on the existence of such a fixed point. For example, there is
no useful analogous version of a-maximization [13], which for four-dimensional N = 1
theories allows one to determine the R-charge in the superconformal algebra at the IR
fixed point. This places the conjectured dualities on a much weaker footing than their
four-dimensional cousins in Type IIB string theory.
The N = 2 QCS theories that we consider are expected to be dual to M2 branes
moving in a Calabi-Yau four-fold cone over a seven-dimensional Sasaki-Einstein base
Y , thus giving rise to an AdS4 × Y near horizon dual geometry. Such Sasaki-Einstein
manifolds Y will typically have non-trivial topology, implying the existence of Kaluza-
Klein (KK) modes obtained by reduction of SUGRA fields along the corresponding
homology cycles. Of particular interest are five-cycles, on which one can reduce the
M-theory six-form potential to obtain b2(Y ) = dimH2(Y,R) vector fields in AdS4.
These vector fields are part of short multiplets of the KK reduction on Y , known as
Betti multiplets [14, 15] (for a discussion relevant to the cases we will consider, see also
[16, 17]). In analogy with the Type IIB case, where these symmetries are well-known
to correspond to global baryonic symmetries [18], we will sometimes employ the same
terminology here and refer to these as baryonic U(1)s.
In this paper we set out to study the above symmetries in the AdS4/CFT3 cor-
respondence. In the rather better-understood AdS5/CFT4 correspondence in Type
IIB string theory, from the field theory point of view these baryonic U(1) symmetries
appear as non-anomalous combinations of the diagonal U(1) factors inside the U(N)
gauge groups.1 The key point is that, in four dimensions, abelian gauge fields are IR
free and thus become global symmetries in the IR. However, this is no longer true in
1For a complete discussion of the Type IIB case we refer to e.g. [19, 20, 21].
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three dimensions, thus raising the question of the fate of these abelian symmetries.
From the gravity perspective, in the dual AdS4 the vector fields admit two admissible
fall-offs at the boundary of AdS4 [22, 23]. This is in contrast to the AdS5 case where
only one of them, that which leads to the interpretation as dual to a global current, is
allowed. That the two behaviours are permitted implies that the corresponding bound-
ary symmetries remain either gauged or ungauged, respectively, defining in each case a
different boundary CFT. This issue is closely related to the gauge groups being either
U(N) or SU(N) in the case at hand. From the point of view of the QCS theory with
U(N) gauge groups, at lowest CS level k = 1 there is no real distinction between U(N)
and U(1) × SU(N) gauge groups [3, 24, 25] . Therefore the discussion in [22] can be
applied to the abelian part of the symmetry. In this way it is possible to connect the
SU(N) and the U(N) theories in a rather precise manner, while keeping track of the
corresponding action on the gravity side, which amounts to selecting one particular
fall-off for the vector fields in AdS4. This provides motivation to look at the SU(N)
version of the theory as dual to a particular choice of boundary conditions in the dual
gravity picture.
In the first part of this paper we focus on the simplest class of examples, namely
isolated toric Calabi-Yau four-fold singularities with no vanishing six-cycles (no ex-
ceptional divisors in a crepant resolution). These are discussed in more detail in §A.
In particular we study in detail the example of C(Q111). A dual U(N)4 QCS field
theory was proposed for this singularity in [26], and further studied in [27] where the
non-abelian chiral ring of the theory (at large k) was shown to precisely match the co-
ordinate ring of the variety. Motivated by the analysis of the behaviour of gauge fields
in AdS4, we will choose boundary conditions where the b2(Q
111) = 2 Betti multiplets
are dual to global symmetries. This amounts to focusing on a certain version of the
theory with gauge group U(1)2×SU(N)4. On the other hand, gauge fields in AdS4 can
have a priori both electric sources, corresponding to wrapped M5 branes, and mag-
netic sources, corresponding to wrapped M2 branes. It turns out that the boundary
conditions necessary to define the AdS/CFT correspondence allow for just one of the
two types at a time [22]. In particular, the chosen U(1)2×SU(N)4 quantization allows
only for electric sources; that is, wrapped supersymmetric M5 branes. In turn, these
correspond to baryonic operators [28] in the field theory that are charged under the
global symmetries. We will analyse this correspondence in detail, finding the expected
agreement.
On the other hand, magnetic sources correspond to M2 branes [28]. While in the AdS
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geometry these wrap non-supersymmetric cycles, we can also consider resolutions of the
corresponding cone where there are supersymmetric wrapped M2 branes. Along the
lines of [29, 30], we will identify the relevant operator, responsible for the resolution,
which is acquiring a VEV. Very much as in reference [30], it is possible to find an
interpretation of these solutions as spontaneous symmetry breaking (SSB) through the
explicit appearance of a Goldstone boson in the SUGRA dual.
A natural next step is to enlarge the class of singularities under consideration by
allowing dual geometries with exceptional six-cycles. One such example is a Z2 orbifold
of C(Q111) known as C(Q222). A dual field theory candidate has been proposed in
[27, 31, 32]. Further tests of this theory were performed in [27], where it was shown that
its chiral ring matches the gravity computation at large k. The interpretation of such
six-cycles is somewhat obscure holographically. Indeed, such six-cycles, when resolved,
can support M5 brane instantons leading to non-perturbative corrections [33]. In the
second part of this paper we set up the study of such corrections by finding a general
expression for the Euclidean action of such branes in terms of normalizable harmonic
two-forms, and compute this explicitly for Q222. We leave a full understanding of such
non-perturbative effects from the gauge theory point of view for future work.
The organization of this paper is as follows. In §2 we review the Freund-Rubin-
type solutions which are eleven-dimensional AdS4 × Y backgrounds. We then turn
to KK reduction of the SUGRA six-form potential on five-cycles in Y , leading to the
Betti multiplets of interest. General analysis of gauge fields in AdS4 shows that two
possible fall-offs are admissible. We then review the construction in [22] relating these
different boundary conditions for a single abelian gauge field in AdS4 to the action of
SL(2,Z). In §3 we turn in more detail to the field theory description. We start by
reviewing general aspects of U(N) QCS theories that have appeared in the literature,
before turning in §3.2 to the example of interest. We then propose a set of boundary
conditions dual to the U(1)2×SU(N)4 theory. We identify the ungauged U(1)s via the
electric M5 branes wrapping holomorphic divisors in the geometry. In §4 we turn to the
spontaneous breaking of these baryonic symmetries. We compute on the gravity side
the baryonic condensate and identify the Goldstone boson of the SSB. In §5 we initiate
the study of exceptional six-cycles. We compute the warped volume of a Euclidean
brane in the resolved C(Q222) geometry. By extending our results on warped volumes
to arbitrary geometries, both for the baryonic condensate and the Euclidean brane,
we find general formulae for such warped volumes. We end with some concluding
comments in §6. Finally, a number of relevant calculations and formulae are collected
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in the appendices.
Note added: as this paper was being finalized the preprint [70] appeared, which
has partial overlap with our results.
2 AdS4 backgrounds and abelian symmetries
We begin by reviewing general properties of Freund-Rubin AdS4 backgrounds, and also
introduce the Q111 and Q222 = Q111/Z2 examples of main interest. KK reduction of
the M-theory potentials on topologically non-trivial cycles leads to gauge symmetries
in AdS4. We review their dynamics in the AdS/CFT context and the sources allowed,
depending on the chosen quantization. Of central relevance for our purposes will be
wrapped supersymmetric M5 branes.
2.1 Freund-Rubin solutions
The AdS4 backgrounds of interest are of Freund-Rubin type, with eleven-dimensional
metric and four-form given by
ds211 = R
2
(
1
4
ds2(AdS4) + ds
2(Y )
)
, (2.1)
G =
3
8
R3Vol(AdS4) .
Here the AdS4 metric is normalized so that Rµν = −3gµν . The Einstein equations imply
that Y is an Einstein manifold of positive Ricci curvature, with metric normalized so
that Rij = 6gij. The flux quantization condition
1
(2πℓp)6
∫
Y
⋆11G = N ∈ Z , (2.2)
then leads to the relation
R = 2πℓp
(
N
6vol(Y )
)1/6
, (2.3)
where ℓp denotes the eleven-dimensional Planck length.
As is well-known, such solutions arise as the near-horizon limit of N M2 branes
placed at the tip r = 0 of the Ricci-flat cone
ds2(C(Y )) = dr2 + r2ds2(Y ) . (2.4)
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More precisely, the eleven-dimensional solution is
ds211 = h
−2/3ds2(R1,2) + h1/3ds2(X) , (2.5)
G = d3x ∧ dh−1 ,
where in the case at hand we take the eight-manifold X = C(Y ) with conical metric
(2.4). Placing N Minkowski space-filling M2 branes at r = 0 leads, after including
their gravitational back-reaction, to the warp factor
h = 1 +
R6
r6
. (2.6)
In the near-horizon limit, near to r = 0, the background (2.5) approaches the AdS4
background (2.1). In fact the warp factor h = R6/r6 is precisely the AdS4 background
in a Poincare´ slicing. More precisely, writing
z =
R2
r2
, ds2(AdS4) = z
−2 (dz2 + ds2(R1,2)) , (2.7)
leads to the metric (2.1).
Supersymmetries N Y C(Y )
1 weak G2 holonomy Spin(7) holonomy
2 Sasaki-Einstein SU(4) holonomy (Ricci-flat Ka¨hler)
3 3-Sasakian Sp(2) holonomy (hyperKa¨hler)
Table 1: Relation between the number of supersymmetries N in AdS4 and the special
Einstein geometry of Y and its cone C(Y ).
We shall be interested in solutions of this form preserving supersymmetry in AdS4.
The well-known result [34] is summarized in Table 1. As mentioned in the introduction,
in general N supersymmetries leads to the R-symmetry group SO(N ), and thus su-
persymmetry provides a strong constraint on the spectrum only for N ≥ 2. We hence
restrict attention to the N = 2 Sasaki-Einstein case, which includes the N = 3 geome-
try as a special case. It is then equivalent to say that the cone metric on C(Y ) is Ka¨hler
as well as as Ricci-flat, i.e. Calabi-Yau. Geometries with N ≥ 4 supersymmetries are
necessarily quotients of S7.
Only a decade ago the only known examples of such Sasaki-Einstein seven-manifolds
were homogeneous spaces. Since then there has been dramatic progress. 3-Sasakian
manifolds, with N = 3, may be constructed via an analogue of the hyperKa¨hler quo-
tient, leading to rich infinite classes of examples [35]. For N = 2 supersymmetry one
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could take Y to be one of the explicit Y p,k manifolds constructed in [36], and further
studied in [37, 38], or any of their subsequent generalizations. These N = 2 examples
are all toric, meaning that the isometry group contains U(1)4 as a subgroup. In fact,
toric Sasaki-Einstein manifolds are now completely classified thanks to the general ex-
istence and uniqueness result in [39]. At the other extreme, there are also non-explicit
metrics in which U(1)R is the only isometry [35].
However, for our purposes it will be sufficient to focus on two specific homogeneous
examples, namely Q111 and Q222 = Q111/Z2, with Z2 ⊂ U(1)R being along the R-
symmetry of Q111. These will turn out to be simple enough so that everything can be
computed explicitly, and yet at the same time we shall argue that many of the features
seen in these cases hold also for the more general geometries mentioned above. In
both cases the isometry group is SU(2)3×U(1)R, and in local coordinates the explicit
metrics are
ds2 =
1
16
(
dψ +
3∑
i=1
cos θidφi
)2
+
1
8
3∑
i=1
(
dθ2i + sin
2 θidφ
2
i
)
. (2.8)
Here (θi, φi) are standard coordinates on three copies of S
2 = CP1, i = 1, 2, 3, and ψ
has period 4π for Q111 and period 2π for Q222. The two Killing spinors are charged
under ∂ψ, which is dual to the U(1)R symmetry. The metric (2.8) shows very explicitly
the regular structure of a U(1) bundle over the standard Ka¨hler-Einstein metric on
CP
1 ×CP1 ×CP1, where ψ is the fibre coordinate and the Chern numbers are (1, 1, 1)
and (2, 2, 2) respectively. These are hence natural generalizations2 to seven dimensions
of the T 11 and T 22 manifolds.
2.2 C-field modes
One might wonder whether it is possible to turn on an internal G-flux GY on Y , in
addition to the G-field in (2.1), and still preserve supersymmetry, i.e.
G =
3
8
R3Vol(AdS4) +GY . (2.9)
In fact necessarily GY = 0. This follows from the results of [41]: for any warped Calabi-
Yau four-fold background with metric of the form (2.5), one can turn on a G-field GX
on X without changing the Calabi-Yau metric on X only if GX is self-dual. But for a
cone, with GX = GY a pull-back from the base Y , this obviously implies that GX = 0.
2The other natural such generalization is the homogeneous space V5,2 = SO(5)/SO(3), which has
been studied in detail in [40].
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However, more precisely the G-field in M-theory determines a class3 in H4(Y,Z).
The differential form part of G captures only the image of this in H4(Y,R), and so
GY = 0 still allows for a topologically non-trivial G-field classified by the torsion
part H4tor(Y,Z). This is also captured, up to gauge equivalence, by the holonomy of
the corresponding flat C-field through dual torsion three-cycles in Y . There are hence
|H4tor(Y,Z)| physically distinct AdS4 Freund-Rubin backgrounds associated to the same
geometry, which should thus correspond to physically inequivalent dual SCFTs. In a
small number of examples with proposed Chern-Simons quiver duals, including the
original ABJ(M) theory, different choices of this torsion G-flux have been argued to
be dual to changing the ranks in the quiver [40, 43]. However, the related Seiberg-like
dualities are currently very poorly understood in examples without Hanany-Witten-
type brane duals. In particular, for example, one can compute H4(Q111,Z) ∼= Z2,
implying there are two distinct M-theory backgrounds with the same Q111 geometry
but different C-fields. This is an important aspect of the AdS4/CFT3 duality that we
shall not discuss any further in this paper.
More straightforwardly, if one has b3(Y ) = dimH3(Y,R) three-cycles in Y then one
can also turn on a closed three-form C with non-zero periods through these cycles.
Including large gauge transformations, this gives a space U(1)b3(Y ) of such flat C-fields.
Since these are continuously connected to each other they would be dual to marginal
deformations in the dual field theory. Indeed, the harmonic three-forms on a Sasaki-
Einstein seven-manifold are in fact paired by an almost complex structure [44] and
thus b3(Y ) is always even, allowing these to pair naturally into complex parameters as
required by N = 2 supersymmetry. However, for the class of toric singularities studied
in this paper, including Q111 and Q222, it is straightforward4 to show that b3(Y ) = 0
and there are hence no such marginal deformations associated to the C-field.
Finally, since H6(Y,R) = 0 for any positively curved Einstein seven-manifold, there
are never periods of the dual potential C6 through six-cycles in Y .
2.3 Baryonic symmetries and wrapped branes
Of central interest in this paper will be symmetries associated to the topology of Y , and
the corresponding charged BPS states associated to wrapped M branes. By analogy
3This is true since the membrane global anomaly described in [42] is always zero on a seven-manifold
Y that is spin.
4There are, however, examples: the Calabi-Yau four-fold hypersurfaces
∑5
i=1 z
d
i = 0, where d =
3, 4, are known to have Calabi-Yau cone metrics, and these have b3(Y ) = 10, 60, respectively [44].
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with the corresponding situation in AdS5×Y5 in Type IIB string theory, we shall refer
to these symmetries as baryonic symmetries; the name will turn out to be justified.
Denote by b2(Y ) = dimH2(Y,R) the second Betti number of Y . By Poincare du-
ality we have dimH5(Y,R) = dimH2(Y,R) = b2(Y ). Let α1, . . . , αb2(Y ) be a set of
dual harmonic five-forms with integer periods. Then for the AdS4 × Y Freund-Rubin
background we may write the KK ansatz
δC6 =
2π
T5
b2(Y )∑
I=1
AI ∧ αI , (2.10)
where T5 = 2π/(2πℓp)
6 is the M5 brane tension. This gives rise to b2(Y ) massless U(1)
gauge fields AI in AdS4. For a supersymmetric theory these gauge fields of course sit
in certain multiplets, known as Betti multiplets. See, for example, [14, 15, 16, 17].
2.3.1 Vector fields in AdS4, boundary conditions and dual CFTs
The AdS/CFT duality requires specifying the boundary conditions for the fluctuating
fields in AdS. In particular, vector fields in AdS4 admit different sets of boundary
conditions [22, 23] leading to different boundary CFTs. In order to see this, let us
consider a vector field in AdSd+1. Using the straightforward generalization to AdSd+1
of the coordinates in (2.7), in the gauge Az = 0 the bulk equations of motion set
Aµ = aµ + jµ z
d−2 , (2.11)
where aµ, jµ satisfy the free Maxwell equation in Lorentz gauge in the Minkowski space.
It is not hard to see that in d < 4 both behaviours have finite action, and thus can be
used to define a consistent AdS/CFT duality.
Let us now concentrate on the case of interest d = 3, where both quantizations are
allowed. In order to have a well-defined variational problem for the gauge field in AdS4
we should be careful with the boundary terms when varying the action. In general, we
have
δS =
∫ {∂√det gL
∂AM
− ∂N ∂
√
det gL
∂∂NAM
}
δAM + ∂N
{∂√det gL
∂∂NAM
δAM
}
. (2.12)
The bulk term gives the equations of motion whose solution behaves as (2.11). In turn,
the boundary term can be seen to reduce to
δSB = −1
2
∫
Boundary
jµδa
µ d3x . (2.13)
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Therefore, in order to have a well-posed variational problem, we need to demand δaµ =
0; that is, we need to impose boundary conditions where aµ is fixed in the boundary.
On the other hand, since in d = 3 both behaviours for the gauge field have finite
action, we can consider adding suitable boundary terms such that the action becomes
[23]
S =
1
4
∫ √
det g FAB F
AB +
1
2
∫
Boundary
√
det g Aµ Frµ|Boundary d3x. (2.14)
The boundary term is now
δSB =
1
2
∫
Boundary
aµδj
µ d3x , (2.15)
so that we need to impose the boundary condition δjµ = 0; that is, fix the boundary
value of jµ.
Defining ~B = 1
2
ǫµνρ Fνρ and ~E = Fµr, we have
Bµ = ǫµνρ∂νaρ + ǫ
µνρ∂νjρ z , E
µ = jµ z2 . (2.16)
The two sets of boundary conditions then correspond to either setting Eµ = 0 while
leaving aµ unrestricted, or setting Bµ = 0 while leaving jµ unrestricted.
At this point we note that aµ, jµ are naturally identified, respectively, with a dy-
namical gauge field and a global current in the boundary. In accordance with this
identification, eq. (2.11) and the usual AdS/CFT prescription shows each field to
have the correct scaling dimension for this interpretation: for a gauge field ∆(aµ) = 1,
while for a global current ∆(jµ) = 2. Therefore, the quantization Eµ = 0 is dual to a
boundary CFT where the U(1) gauge field is dynamical; while the quantization Bµ = 0
is dual to a boundary CFT where the U(1) is ungauged and is instead a global sym-
metry. Furthermore, as discussed in [18] for the scalar counterpart, once the improved
action is taken into account the two quantizations are Legendre transformations of one
another [70], as can be seen by e.g. computing the free energy in each case.
One can consider electric-magnetic duality in the bulk theory, which exchanges Eµ ↔
Bµ thus exchanging the two boundary conditions for the AdS4 gauge field quantization.
This action translates in the boundary theory into the so-called S operation [22]. This
is an operation on three-dimensional CFTs with a global U(1) symmetry, taking one
such CFT to another. In addition, it is possible to construct a T operation, which
amounts, from the bulk perspective, to a shift of the bulk θ-angle by 2π. Following
[22], we can be more precise in defining these actions in the boundary CFT. Starting
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with a three-dimensional CFT with a global U(1) current Jµ, one can couple this global
current to a background gauge field A resulting in the action S[A]. The S operation
then promotes A to a dynamical gauge field and adds a BF coupling of A to a new
background field B, while the T operation instead adds a CS term for the background
gauge field A:
S : S[A] → S[A] + 1
2π
∫
B ∧ dA , T : S[A] → S[A] + 1
4π
∫
A ∧ dA . (2.17)
As shown in [22], these two operations generate the group SL(2,Z).5 In turn, as
discussed above, the S and T operations have the bulk interpretation of exchanging
Eµ ↔ Bµ and shifting the bulk θ-angle by 2π, respectively. It is important to stress
that these actions on the bulk theory change the boundary conditions. Because of this,
the dual CFTs living on the boundary are different.
2.3.2 Boundary conditions and sources for gauge fields: M5 branes in toric
manifolds
We are interested in gauge symmetries in AdS4 associated to the topology of Y ; that
is, arising from KK reductions as in (2.10). All Kaluza-Klein modes, and hence their
dual operators, carry zero charge under these b2(Y ) U(1) symmetries. However, there
are operators associated to wrapped M branes that do carry charge under this group.
In particular, an M5 brane wrapped on a five-manifold Σ5 ⊂ Y , such that the cone
C(Σ5) is a complex divisor in the Ka¨hler cone C(Y ), is supersymmetric and leads to a
BPS particle propagating in AdS4. Since the M5 brane is a source for G, this particle
is electrically charged under the b2(Y ) massless U(1) gauge fields AI . One might also
consider M2 branes wrapped on two-cycles in Y . However, such wrapped M2 branes are
supersymmetric only if the cone C(Σ2) over the two-submanifold Σ2 ⊂ Y is calibrated
in the Calabi-Yau cone, and there are no such calibrating three-forms. Thus these
particles, although topologically stable, are not BPS. They are magnetically charged
under the U(1)b2(Y ) gauge fields in AdS4 [28].
As discussed above, the AdS/CFT duality instructs us to choose, for each U(1)
gauge field, a set of boundary conditions where either Eµ or Bµ vanishes. Clearly,
only the latter possibility allows for the existence of the SUSY electric M5 branes,
otherwise forbidden by the boundary conditions. In turn, this quantization leaves, in
5Even though we are explicitly discussing the effect of SL(2,Z) on the vector fields, since these
are part of a whole Betti multiplet we expect a similar action on the other fields of the multiplet. We
leave this investigation for future work.
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the boundary theory, the U(1) symmetry as a global symmetry. Therefore, in this
case we should expect to find operators in the field theory that are charged under the
global baryonic symmetries and dual to the M5 brane states. We turn to this point
in the next section. We note that, with this choice of boundary condition, the roˆle
of the Betti multiplets is very similar to their AdS5 counterparts, giving rise to global
baryonic symmetries in the boundary theory, and hence motivating the use of the same
name in the case at hand.
For toric manifolds there is a canonical set of such wrapped M5 brane states, where
C(Σ5) are taken to be the toric divisors. Each such state leads to a corresponding
dual chiral primary operator that is charged under the U(1)b2(Y ) global symmetries
and will also have definite charge under the U(1)4 flavour group dual to the isometries
of Y . We refer the reader to the standard literature for a thorough introduction to
toric geometry. However, the basic idea is simple to state. The cone C(Y ) fibres over
a polyhedral cone in R4 with generic fibre U(1)4. This polyhedral cone is by definition
a convex set of the form
⋂{x · vα ≥ 0} ⊂ R4, where vα ∈ Z4 are integer vectors. This
set of vectors is precisely the set of charge vectors specifying the U(1) subgroups of
U(1)4 that have complex codimension one fixed point sets. These fixed point sets are,
by definition, the toric divisors referred to above. The Calabi-Yau condition implies
that, with a suitable choice of basis, we can write vα = (1,wα), with wα ∈ Z3. If we
plot these latter points in R3 and take their convex hull, we obtain the toric diagram.
Figure 1: The toric diagram for C(Q111).
For the Q111 example the toric divisors are given by taking Σ5 = {θi = 0} or
Σ5 = {θi = π}, for any i = 1, 2, 3, which are 6 five-manifolds in Y . The toric diagram
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for Q111 is shown in Figure 1, where one sees clearly these 6 toric divisors as the 6
external vertices. Notice that for Q111 the full isometry group may be used to rotate
{θi = 0} into {θi = π}, specifically using the ith copy of SU(2) in the SU(2)3×U(1)R
isometry group. In fact these two five-manifolds are two points in an S2 family of such
five-manifolds related via the isometry group. Similar comments apply also to Q222.
3 Baryonic symmetries in QCS theories
In the previous section we discussed the roˆle of vector fields in AdS4. In particular, we
have shown that there is a choice of boundary conditions where the Betti multiplets
corresponding to (2.10) are dual to global currents in the boundary theory. From the
bulk perspective, this translates into the possibility of having electric M5 brane states
in the theory, in a consistent manner. On general grounds, we expect these states to be
dual to certain operators in the boundary theory charged under the global U(1)b2(Y ).
In this section we turn to a more precise field theoretic description of this. We begin
with a brief review of the U(N) theories considered in the literature, before turning to
our C(Q111) example and considering the roˆle of the abelian symmetries in this case.
3.1 U(N) QCS theories
Let us start by considering the
∏G
a=1 U(Na) theories. The Lagrangian, in N = 2
superspace notation, for a theory containing an arbitrary number of bifundamentals
Xab in the representation (a, ¯b) under the (a, b)-th gauge groups and a choice of
superpotential W , reads
L =
∫
d4θTr

∑
Xab
X†ab e
−VaXab eVb +
G∑
a=1
ka
2π
1∫
0
dtVaD¯
α(etVaDαe
−tVa)


+
∫
d2θW (Xab) + c.c. . (3.1)
Here ka ∈ Z are the CS levels for the vector multiplet Va. For future convenience we
define k = gcd{ka}.
The classical vacuum moduli space (VMS) is determined in general by the following
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equations [9, 10]
∂XabW = 0 ,
µa := −
G∑
b=1
Xba
†Xba +
G∑
c=1
XacXac
† =
kaσa
2π
,
σaXab −Xabσb = 0 , (3.2)
where σa is the scalar component of Va. Following [9], upon diagonalization of the
fields using SU(N) rotations, one can focus on the branch where σa = σ, ∀a, so that
the last equation is immediately satisfied.6 Under the assumption that
∑G
a=1 ka = 0,
the equations for the moment maps µa boil down to a system of G − 2 independent
equations for the bifundamental fields, analogous to D-term equations. Since for toric
superpotentials the set of F-flat configurations, determining the so-called master space,
is of dimension G+2, upon imposing the G−2 D-terms and dividing by the associated
gauge symmetries we have a dimCM = 4 moduli spaceM where the M2 branes move.
However, due to the peculiarities of the CS kinetic terms, extra care has to be taken
with the diagonal part of the gauge symmetry. At a generic point of the moduli space
the gauge group is broken to N copies of U(1)G. The diagonal gauge field BG =∑G
a=1Aa is completely decoupled from the matter fields, and only appears coupled to
BG−1 = k−1
∑G
a=1 kaAa through
S(BG) = k
4πG
∫
(BG−1)µ ǫµνρ (GG)νρ . (3.3)
Since BG appears only through its field strength, it can be dualized into a scalar τ .
Following the standard procedure, it is easy to see that integrating out GG = dBG sets
BG−1 = G
k
dτ , (3.4)
such that the relevant part of the action becomes a total derivative
S(BG) =
∫
d
( τ
2π
GG
)
. (3.5)
Around a charge n ∈ Z monopole in the diagonal U(1) gauge field BG we then have∫ GG = 2πGn, so that τ must have period 2π/G in order for the above phase to
be unobservable [9]. Gauge transformations of BG−1 then allow one to gauge-fix τ
6We stress that there might be, and indeed even in the Q111 example there are, other branches of
the moduli space where the condition σa = σ for all a is not met, and yet still the bosonic potential
is minimized.
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to a particular value via (3.4), but this still leaves a residual discrete set of Zk gauge
symmetries that leave this gauge choice invariant. The space of solutions to (3.2) is then
quotiented by gauge transformations where the parameters θa satisfy
∑G
a=1 ka θa = 0,
together with the residual discrete Zk gauge transformations generated by θa = 2π/k
for all a. Altogether this leads to a U(1)G−2 × Zk quotient. We refer to [9] for further
discussion, and to [27] for a discussion in the context of the Q111 theory in particular.
An alternative point of view has recently appeared in the literature [11, 12], in
which the existence of two special monopole operators T, T˜ is noted. These monopole
operators, which have charges ±(k1, · · · , kG) respectively under each gauge group, are
conjectured to satisfy a relation in the chiral ring of the form T T˜ = 1 . In this approach
the moduli space is defined as the chiral ring of the abelian theory enhanced by the
operators T, T˜ , together with the constraint.
3.2 The C(Q111) theory
3.2.1 The theory and its moduli space
A field theory candidate dual to M2 branes probing C(Q111)/Zk was proposed in [26]
and further studied in [27]. The proposal in those references is a U(N)4 Chern-Simons
gauge theory with CS levels (k, k, −k, −k), with matter content summarized by the
quiver in Figure 2.
Figure 2: The quiver diagram for a conjectured dual of C(Q111).
In addition, there is a superpotential given by
W = Tr
(
C2B1A1B2C1A2 − C2B1A2B2C1A1
)
. (3.6)
As expected for a field theory dual to N point-like branes moving in C(Q111)/Zk, the
moduli space contains a branch which is the symmetric product of N copies of this
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conical singularity. To see this, let us begin with the abelian theory in which all the
gauge groups are U(1). As shown in [27], after integrating out the auxiliary σ scalar
the geometric branch of the moduli space with k = 1 is described by G−2 = 2 D-term
equations. Recalling the special roˆle played by BG−1 = B3, BG = B4, it is useful to
introduce the following basis for the U(1) gauge fields:
AI = 1
2
(A1 −A2 +A3 −A4) , AII = 1
2
(A1 −A2 −A3 +A4) ,
B3 = A1 +A2 −A3 −A4 , B4 = A1 +A2 +A3 +A4 .
Then the two D-terms to impose are those for AI , AII . In turn, the charge matrix is
A1 A2 B1 B2 C1 C2
U(1)I 1 1 0 0 −1 −1
U(1)II −1 −1 1 1 0 0
U(1)B3 0 0 −2 2 −2 2
U(1)B4 0 0 0 0 0 0
. (3.7)
Notice the appeareance of the SU(2)3 global symmetry, under which the pairs Ai, Bi,
Ci transform as doublets under each of the respective factors.
Since for the abelian theory the superpotential is identically zero, one can determine
the abelian moduli space by constructing the gauge-invariants with respect to the gauge
transformations for AI , AII . Borrowing the results from [27], for CS level k = 1 these
are
w1 = A1B2C1 , w2 = A2B1C2 , w3 = A1B1C2 , w4 = A2B2C1 ,
w5 = A1B1C1 , w6 = A2B1C1 , w7 = A1B2C2 , w8 = A2B2C2 .
(3.8)
One can then check explicitly that these satisfy the 9 relations defining C(Q111) as an
affine variety:
w1w2 − w3w4 = w1w2 − w5w8 = w1w2 − w6w7 = 0 ,
w1w3 − w5w7 = w1w6 − w4w5 = w1w8 − w4w7 = 0 ,
w2w4 − w6w8 = w2w5 − w3w6 = w2w7 − w3w8 = 0 .
(3.9)
This is an affine toric variety, with toric diagram given by Figure 1. Indeed, we also
notice that for the abelian theory the description of the moduli space as a U(1)2 Ka¨hler
quotient ofC6 with coordinates {Ai, Bi, Ci} is precisely the minimal gauged linear sigma
model (GLSM) description. Thus the 6 toric divisors in Figure 1, discussed in §2.3,
are defined by {Ai = 0}, {Bi = 0}, {Ci = 0}, i = 1, 2.
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For CS level k > 1 one obtains an N = 2 supersymmetric Zk ⊂ U(1)BG−1 orbifold of
C(Q111). Notice that {wi | i = 1, . . . , 4} are invariant under this action, while {w5, w6}
and {w7, w8} are rotated with equal and opposite phase. On the other hand, for the
non-abelian theory with N > 1 it was shown in [27] that for large k, where the use
of still poorly-understood monopole operators is evaded, upon using the F-terms of
the full non-abelian superpotential (3.6) the chiral ring matches that expected for the
corresponding orbifold. In this case the chiral primaries at the non-abelian level are
just the usual gauge-invariants given by
Tr
( r∏
a=1
X±ia
)
, where X+i = Ai C2B1 , X
−
i = AiB2 C1 . (3.10)
An important subtlety in this theory is that U(1)BG−1 does not act freely on Q
111: it
fixes two disjoint copies of S3 inside Q111, as explained in [11]. Indeed, using (3.7) one
sees that the corresponding two cones C2 = C(S3) are parametrized respectively by
{w1, w4} and {w2, w3}, with in each case all other wi = 0. Thus for k > 1 the horizon
Y = Q111/Zk has orbifold singularities in codimension four. This means that the
SUGRA approximation cannot be trusted for k > 1. In fact these are Ak−1 singularities
which can support “fractional” M2 branes wrapping the collapsed cycles, and one
expects an SU(k) gauge theory to be supported on these S3s. A different perspective
can be obtained by interpreting U(1)BG−1 as the M-theory circle and reducing to Type
IIA. This results in k D6 branes wrapping these two S3 submanifolds. From now on
we will therefore assume that k = 1.
3.2.2 Gauged versus global abelian subgroups and SL(2,Z)
At k = 1 the orbifold identification due to the CS terms is trivial. Indeed, in this case
there is no real distinction between U(N) and SU(N)×U(1) gauge groups, as discussed
in [3, 24, 25] for the ABJM theory and orbifolds of it. We shall argue that ungauging
some of the U(1)s is dual to a particular choice of boundary conditions on the gravity
side. That is, we apply the general discussion in §2.3 to the b2(Q111) = 2 U(1) gauge
fields, and argue that the associated U(1) symmetries are those in SU(N)× U(1), for
appropriate gauge group factors. This raises the important problem of how to identify
the relevant two U(1) symmetries dual to the Betti multiplets in the QCS theory
proposed above. The key is to recall that the boundary conditions which amount to
ungauging these U(1)s in turn allow for the existence of supersymmetric M5 branes
on the gravity side. As discussed in §2.3, from an algebro-geometric point of view the
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corresponding divisors are easy to identify. In turn we notice that, for the abelian
theory, the fields {Ai, Bi, Ci} are also the minimal GLSM coordinates. Setting each to
zero therefore gives one of the 6 toric divisors that may be wrapped by an M5 brane.
The charges of the resulting M5 brane states under U(1)b2(Y ) are then the same as
the charges of these fields under the U(1)I × U(1)II we quotient by in forming the
abelian moduli space – this was shown for the D3 brane case in [19], and the same
argument applies here also. This strongly suggests that the gauge symmetries U(1)I ,
U(1)II should in fact be dual to the Betti multiplets discussed in §2.3.
Once we have identified the relevant abelian symmetries, we can consider acting with
the S and T operations. We schematically write the action of the U(N)4 Q111 theory
(which we will denote as SU), separating the U(1) sector from the rest, as
SU ∼
∫
B3 ∧ dB4 +AI ∧ dAII +
∫
LR , (3.11)
where
∫ LR stands for the remaining terms. We can then consider a theory without
the gauge fields AI , AII , constructed schematically as SSU =
∫ B3 ∧ dB4 + ∫ LR. By
construction, this theory has exactly 2 global symmetries satisfying all the properties
expected as dual to Betti multiplets. Following [22], we can introduce a background
gauge field for one of them, which we can call AI . Then, as reviewed in §2.3, the
S-operation amounts to regarding this field as dynamical, while at the same time
introducing a coupling to another background field CI as
SSU → SSU [AI ] +
∫
CI ∧ dAI . (3.12)
We can introduce yet another background gauge field AII for the second global symme-
try and perform yet another S-operation. However, this time we will choose to regard
CI − AII as the background gauge field on which to act with the S-generator. This
results in
SSU [AI ] +
∫
CI ∧ dAI → SSU [AI , AII ] +
∫
CI ∧ dAI +
∫
CII ∧ d(CI −AII) . (3.13)
Integrating by parts yields
SSU [AI , AII ] +
∫
CI ∧ d(CII +AI)−
∫
CII ∧ dAII . (3.14)
Since CI only appears linearly, its functional integral gives rise to a delta functional
setting CII = −AI , which leads to an action of the precise form (3.11). We have
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therefore been able to establish a connection between a theory where the gauge group
is U(1)2 × SU(N)4, and whose action is SSU , with the original U(N)4 theory, whose
action is given by SU , via repeated action with the S-operation.
More generally, the whole of SL(2,Z) will act on the boundary conditions for the
bulk gauge fields, leading in general to an infinite orbit of CFTs for each U(1) gauge
symmetry in AdS4. This is a rich structure that deserves considerable further investi-
gation. In this paper, however, we will content ourselves to study the particular choice
of boundary conditions described by the SSU theory. Since the dual to the S operation
is the exchange of the Eµ ↔ Bµ boundary conditions, we expect the gravity dual to
the SSU theory to still be AdS4 × Q111, but with an appropriate choice of boundary
conditions. In turn, these boundary conditions allow for the existence of the electrically
charged M5 branes which we used to identify the symmetries. These M5 branes would
not be allowed in the quantization Eµ = 0, which in turn would be dual to a CFT
where the corresponding U(1) factors would remain gauged. In agreement, the dual
operators which we will propose below would not be gauge-invariant in that case.
Let us now consider the effect of the U(1)2×SU(N) gauge group on the construction
of the moduli space. The diagonalization of the σa auxiliary fields in the equations
defining the moduli space (3.2) relies on the non-abelian part of the gauge symmetry,
and therefore it applies even if we consider ungauging some of the diagonal U(1) factors.
More crucially, in order to obtain the correct four-fold moduli space we needed the
S(B4) piece (3.3) of the CS action so that, upon dualizing the B4 field, the dual scalar
τ is gauge-fixed via gauge transformations of B3. Thus provided we leave B4 and B3
gauged, with the same CS action, all of this discussion is unaffected if we ungauge the
remaining U(1)I , U(1)II . Correspondingly, we will still have the 8 gauge-invariants
(3.8), which will give rise to the same 9 equations defining C(Q111) as a non-complete
intersection as “mesonic” moduli space. The remarks on the non-abelian chiral ring
elements spanned by (3.10) are also unchanged. However, with only a U(1)B3×U(1)B4×
SU(N)4 gauge symmetry we also have additional chiral primary operators, charged
under the now global U(1)I , U(1)II . Indeed, we have the following “baryonic” type
operators:
BAI1...IN
=
1
N !
ǫi1···iN ǫj1···jN (AI1)
j1
i1
· · · (AIN )jNiN ,
BBi =
1
N !
ǫi1···iN ǫj1···jN (Bi)
j1
i1
· · · (Bi)jNiN ei (−1)
i−1 N τ ,
BCi =
1
N !
ǫi1···iN ǫj1···jN (Ci)
j1
i1
· · · (Ci)jNiN ei (−1)
i−1 N τ . (3.15)
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In particular, for the 6 fields in the quiver there is a canonical set of 6 baryonic op-
erators given by determinants of these fields, dressed by appropriate powers of the
disorder operators eiτ to obtain gauge-invariants under B3. These operators are in 1-1
correspondence with the toric divisors in the geometry. This is precisely the desired
mapping between baryonic operators in the field theory and M5 branes wrapping such
toric submanifolds, with one M5 brane state for each divisor. Indeed, the charges of
these operators under the two baryonic U(1)s are
BAI1..IN
BBi BCi
U(1)I N 0 −N
U(1)II −N N 0
.
These are precisely the charges of M5 branes, wrapped on the five-manifolds corre-
sponding to the divisors {Ai = 0}, {Bi = 0}, {Ci = 0}, under the two U(1)b2(Y )
symmetries in AdS4. Indeed, recall that the two two-cycles in Q
111 may be taken to
be the anti-diagonal S2s in two factors of CP1 × CP1 × CP1, at ψ = 0. Let us choose
these to be the anti-diagonal in the first and third factor, and second and first factor,
respectively. The charge of an M5 brane wrapped on a five-cycle Σ5 ⊂ Y under each
U(1) is then the intersection number of Σ5 with each corresponding two-cycle. Thus
with this basis choice, the charges of the operator associated to an M5 brane wrapped
on the base of one of the 6 toric divisors {Ai = 0}, {Bi = 0}, {Ci = 0} are precisely
those listed in the above table.
Being chiral primary, the conformal dimensions of these operators are given by
N ∆[X ] = N R[X ], R[X ] being the R-charge of the field X . The conformal dimension
of an M5 brane wrapping a supersymmetric five-cycle Σ5 ⊂ Y is given by the general
formula [45]
∆[Σ5] =
Nπvol(Σ5)
6vol(Y )
. (3.16)
These volumes are easily computed for the Q111 metric (2.8): vol(Q111) = π
4
8
, vol(Σ5) =
π3
4
, where Σ5 is any of the 6 toric five-cycles. From this one obtains ∆[Σ5] =
N
3
in
each case, giving conformal dimensions ∆[X ] = 1
3
for each field. With this R-charge
assignment we see that the superpotential (3.6) has R-charge 2, precisely as it must
at a superconformal fixed point. Indeed, the converse argument was applied in [46] to
obtain this R-charge assignment. We thus regard this as further evidence in support
of our claim in this section, as well as further support for these theories as candidate
SCFT duals to AdS4 ×Q111.
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3.3 QCS theories dual to isolated toric Calabi-Yau four-fold
singularities
We would like to apply the preceding discussion to more general N = 2 CS-matter
theories dual to M2 branes probing Calabi-Yau four-fold cones. With the exception of
C4, the apex of the cone always corresponds to a singular point p in the toric variety.
The simplest class of such singularities occurs when this singular point p is isolated;
that is, when no other singular loci intersect it. In this case the base of the cone Y is a
smooth Sasakian seven-manifold. The condition for the singular point p to be isolated
was given in [47] and interpreted in terms of the toric diagram in [48].
An additional ingredient is the possible presence of vanishing six-cycles at the tip of
the cone. In terms of the toric data, these six-cycles are signalled by internal lattice
points in the toric diagram. These codimension 2 cycles, in very much the same spirit
as their four-cycle Type IIB counterparts (see e.g. [49]), represent a further degree of
complexity. We postpone the analysis of geometries with exceptional six-cycles to §5.
We study such isolated Calabi-Yau singularities without vanishing six-cycles in more
detail in §A, in particular classifying the singularities with 4 or 5 external vertices in
the toric diagram. In the cases where a Lagrangian description of the M2 brane theory
exists, it turns out that for all these cases one can construct an appropriate toric
superpotential, so that there is a toric gauge theory which realizes at the abelian level
the minimal GLSM. This toric gauge theory has b2(Y ) + 2 gauge group factors, and
can be promoted to have U(N) gauge groups. Such quiver Chern-Simons theories have
been considered in the past in [3, 26, 48].
We would like to generalize our proposal to this simplest class of isolated singulari-
ties with no vanishing six-cycles. Indeed, we expect that a similar sequence of T and
S operations amounts to ungauging of precisely b2(Y ) U(1) factors. In very much the
same spirit as in the C(Q111) example, this should correspond to a particular choice of
boundary conditions in the dual AdS4. Furthermore, we conjecture the gauge group to
be U(1)2×SU(N)b2(Y )+2, the two U(1) factors being those corresponding to the BG and
BG−1 gauge fields. This way we are naturally left with b2(Y ) global U(1) symmetries
which exactly correspond to the b2(Y ) expected U(1) baryonic symmetries. Further-
more, the M5 branes would be naturally identified with the corresponding baryonic
operators, constructed in a similar manner as in the C(Q111) example.
As a final remark, for the Q111 case one can see that the total moduli space can
be described as two extra complex directions that are fibred over the mesonic moduli
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space. The resulting variety is often called the master space. More generally one can
see that the moduli spaces of the class of theories that we described above can be
described as b2(Y ) baryonic directions fibred over the mesonic moduli space. This is
implied by the fact that the number of gauge nodes in these theories is b2(Y ) + 2.
4 Gravity duals of baryonic symmetry breaking
In §2.3 we explained that for each U(1) gauge field in AdS4, arising from reduction of
C6 along five-cycles in Y , there are two different AdS quantizations: one of these gives
rise to a conserved U(1) current in the dual CFT, while the other instead gives rise to
a dynamical U(1) gauge field. As discussed in §2.3, in this paper we content ourselves
with studying the quantization which is more closely analogous to the case in Type IIB
string theory, in which the b2(Y ) baryonic U(1) gauge fields (2.10) in AdS4 are dual
to conserved currents in the dual SCFT. As we have argued, in this theory M5 branes
wrapped on supersymmetric cycles in Y should appear as chiral primary baryonic-type
operators in the dual SCFT. Indeed, at least for toric theories with appropriate smooth
supergravity horizons Y we expect the dual SCFT to be described by a QCS theory
with gauge group U(1)2 × SU(N)b2(Y )+2. The M5 brane states are then the usual
gauge-invariant determinant-like operators in these theories, as we discussed in detail
for the Q111 theory in the previous section.
We may then study the gravity duals to vacua in which the b2(Y ) global U(1)s are
(spontaneously) broken. On general grounds, these should correspond to supergravity
solutions constructed from resolutions of the corresponding cone over Y . The baryonic
operators are charged under the global baryonic symmetries, and vacua in which these
operators obtain a VEV lead to spontaneous symmetry breaking. By giving this VEV
we pick a point in the moduli space of the theory, which at the same time introduces a
scale and thus an RG flow, whose endpoint will be a different SCFT. The supergravity
dual of this RG flow was first discussed in the Type IIB context by Klebanov-Witten
[18], and to some extent in the M-theory context in [48]. In this section we begin by
discussing in detail these gravity solutions for the case of Q111. The physics in fact
very closely resembles the physics in the Type IIB context. We then describe how to
generalize this discussion for general Calabi-Yau four-fold singularities. In particular,
we will obtain a general formula for M5 brane condensates, or indeed more generally
still a formula for the on-shell action of a wrapped brane in a warped Calabi-Yau
background. Essentially this formula appeared in [50], where it was checked in some
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explicit examples. Here we provide a general proof of this formula.
We emphasize that the interpretation of the gravity backgrounds considered in this
section is only for the special choice of dual CFT in which the b2(Y ) baryonic U(1)
gauge fields in AdS4 are dual to global symmetries in the dual SCFT. More generally,
different choices of boundary conditions will imply that some, or all, of the M5 brane
states considered here are absent. It is then clearly very interesting to ask what is the
dual field theory interpretation of these gravity backgrounds in such situations. Again,
we leave this for future work.
4.1 Resolutions of C(Q111)
In this section we consider the warped resolved gravity backgrounds for Q111. We
begin by discussing this in the context of the GLSM, and then proceed to construct
corresponding explicit supergravity solutions.
4.1.1 Algebraic analysis
The toric singularity C(Q111) may be described by a GLSM with 6 fields, ai, bi, ci,
i = 1, 2, and gauge group U(1)2. This is also the same as the abelian QCS theory
presented in §3, but without the CS terms. The charge matrix is
a1 a2 b1 b2 c1 c2
U(1)1 −1 −1 1 1 0 0
U(1)2 −1 −1 0 0 1 1
. (4.1)
The singular cone C(Q111) is the moduli space of this GLSM where the FI parameters
ζ1 = ζ2 = 0 are both zero. However, more generally we may allow ζ1, ζ2 ∈ R, leading
to different (partial) resolutions of the singularity. In fact since there are no internal
points in the toric diagram in Figure 1, this GLSM in fact describes all possible (partial)
resolutions of the singular cone.
It is straightforward to analyse the various cases. Suppose first that ζ1, ζ2 > 0 are
both positive. We may write the two D-terms of the GLSM as
|b1|2 + |b2|2 = ζ1 + |a1|2 + |a2|2 > 0 ,
|c1|2 + |c2|2 = ζ2 + |a1|2 + |a2|2 > 0 . (4.2)
In particular, for a1 = a2 = 0 we obtain CP
1 × CP1 where the Ka¨hler class of each
factor is proportional to ζ1 and ζ2, respectively. Here bi and ci may be thought of as
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homogeneous coordinates on the CP1s. Altogether, this describes the total space of the
bundle O(−1,−1)⊕O(−1,−1)→ CP1×CP1, with a1, a2 the two fibre coordinates on
the C2 fibres.
Suppose instead that ζ1 < 0. We may then rewrite the D-terms as
|a1|2 + |a2|2 = −ζ1 + |b1|2 + |b2|2 > 0 ,
|c1|2 + |c2|2 = ζ2 − ζ1 + |b1|2 + |b2|2 . (4.3)
Provided also ζ2 − ζ1 > 0, we hence obtain precisely the same geometry as when
ζ1, ζ2 > 0, but with the CP
1 × CP1 zero section now parametrized by ai and ci and
with Ka¨hler classes proportional to −ζ1 and ζ2 − ζ1, respectively. There is a similar
situation with ζ2 < 0 and ζ1 − ζ2 > 0.
Figure 3: The GKZ fan for Q111 is R2, divided into three cones.
Hence in total there are three different resolutions of C(Q111), corresponding to choos-
ing which of the three CP1s in Q111 collapses at the zero section in O(−1,−1) ⊕
O(−1,−1)→ CP1×CP1. We label these three CP1s as CP1a, a = 1, 2, 3, which in Q111
are parametrized by ci, bi, ai, respectively. This is shown in Figure 3, which is known
more generally as the GKZ fan. Notice there is a Σ3 permutation symmetry of the
three CP1s in Q111 and the three different resolutions are permuted by this symmetry.
The boundary edges between the regions correspond to collapsing another of the
CP
1s, leading only to a partial resolution of the singularity. Thus, for example, take
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ζ1 > 0 but ζ2 = 0. The D-terms are now
|b1|2 + |b2|2 = ζ1 + |a1|2 + |a2|2 > 0 ,
|c1|2 + |c2|2 = |a1|2 + |a2|2 . (4.4)
The second line describes the conifold singularity, which is then fibred over a CP1,
parametrized by the bi, of Ka¨hler class ζ1.
4.1.2 Supergravity analysis
For each of the resolutions of C(Q111) described above there is a corresponding Ricci-flat
Ka¨hler metric that is asymptotic to the cone metric over Q111. More precisely, there
is a unique such metric for each choice of Ka¨hler class, or equivalently FI parameter
ζ1, ζ2 ∈ R. As we shall discuss later in this section, this is guaranteed by a general
theorem that has only just been proven in the mathematics literature. However, for
Q111 these metrics may in fact be written down explicitly. Denoting the (partially)
resolved Calabi-Yau generically by X , the Calabi-Yau metrics are given by
ds2(X) = κ(r)−1dr2 + κ(r)
r2
16
(
dψ +
3∑
i=1
cos θidφi
)2
+
(2a+ r2)
8
(
dθ22 + sin
2 θ2dφ
2
2
)
+
(2b+ r2)
8
(
dθ23 + sin
2 θ3dφ
2
3
)
+
r2
8
(
dθ21 + sin
2 θ1dφ
2
1
)
, (4.5)
where
κ(r) =
(2A− + r2)(2A+ + r2)
(2a + r2)(2b+ r2)
, (4.6)
a and b are arbitrary constants, and we have also defined
A± =
1
3
(
2a+ 2b±
√
4a2 − 10ab+ 4b2
)
. (4.7)
One easily sees that at large r the metric approaches the cone over the Q111 metric (2.8).
This way of writing the resolved metric breaks the Σ3 symmetry, since it singles out the
CP
1 parametrized by (θ1, φ1) as that collapsing at r = 0. Here we have an exceptional
CP
1×CP1, parametrized by (θ2, φ2), (θ3, φ3), with Ka¨hler classes proportional to a > 0
and b > 0, respectively. Thus setting {a = 0, b > 0}, or {b = 0, a > 0}, leads to a
partial resolution with a residual CP1 family of conifold singularities at r = 0. We
shall examine this in more detail below. For further details of this solution we refer
the reader to §B.
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We are interested in studying supergravity backgrounds corresponding to M2 branes
localized on one of these resolutions of C(Q111). We thus consider the following ansatz
for the background sourced by such M2 branes
ds211 = h
−2/3 ds2
(
R
1,2
)
+ h1/3ds2(X) ,
G = d3x ∧ dh−1 , (4.8)
where ds2(X) is the Calabi-Yau metric (4.5). If we place N spacetime-filling M2 branes
at a point y ∈ X , we must then also solve the equation
∆xh[y] =
(2πℓp)
6N√
det gX
δ8(x− y) , (4.9)
for the warp factor h = h[y]. Here ∆ is the scalar Laplacian on X . Having the explicit
form of the metric we can compute this Laplacian and solve for the warp factor to
obtain the full supergravity solution. This is studied in detail in §D.
In the remainder of this subsection let us analyse the simplified case in which we
partially resolve the cone, setting a = 0 and b > 0. This corresponds to one of the
boundary lines in the GKZ fan in Figure 3, with the point on the boundary R>0 labelled
by the metric parameter b > 0. Here one can solve explicitly for the warp factor in
the case where we put the N M2 branes at the north pole of the exceptional CP1
parametrized by (θ3, φ3); this is the point with coordinates y = {r = 0, θ3 = 0}. Notice
the choice of north pole is here without loss of generality, due to the SU(2) isometry
acting on the third copy of CP1. We denote the corresponding warp factor in this case
as simply h[y = {r = 0, θ3 = 0}] ≡ h. As shown in §D.3, h = h(r, θ3) is then given
explicitly in terms of hypergeometric functions by
h(r, θ3) =
∞∑
l=0
Hl(r)Pl(cos θ3) ,
Hl(r) = Cl
( 8b
3r2
)3(1+β)/2
2F1
(−1
2
+ 3
2
β, 3
2
+ 3
2
β, 1 + 3β,− 8b
3r2
)
, (4.10)
where Pl denotes the lth Legendre polynomial,
β = β(l) =
√
1 +
8
9
l(l + 1) , (4.11)
and the normalization factor Cl is given by
Cl =
3Γ(3
2
+ 3
2
β)2
2Γ(1 + 3β)
(
3
8b
)3
(2l + 1)R6 , (4.12)
R6 =
(2πℓp)
6N
6vol(Q111)
=
256
3
π2Nℓ6p . (4.13)
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In the field theory this solution corresponds to breaking one combination of the two
global U(1) baryonic symmetries, rather than both of them. This will become clear in
the next subsection. The resolution of the cone can be interpreted in terms of giving an
expectation value to a certain operator U in the field theory. This operator is contained
in the same multiplet as the current that generates the broken baryonic symmetry, and
couples to the corresponding U(1) gauge field in AdS4. Since a conserved current has
no anomalous dimension, the dimension of U is uncorrected in going from the classical
description to supergravity [18]. According to the general AdS/CFT prescription [18],
the VEV of the operator U is dual to the subleading correction to the warp factor. For
large r we can write
h(r, θ3) ∼
∞∑
l=0
Cl
( 8b
3r2
)3(1+β)/2
Pl(cos θ3) . (4.14)
Expanding the sum we then have
h(r, θ3) ∼ R
6
r6
(
1 +
18b cos θ3
5r2
+ · · ·
)
. (4.15)
In terms of the AdS4 coordinate z = r
−2 we have that the leading correction is of
order z, which indicates that the dual operator U is dimension 1. This is precisely
the expected result, since this operator sits in the same supermultiplet as the broken
baryonic current, and thus has a protected dimension of 1. Furthermore, its VEV is
proportional to b, the metric resolution parameter, which reflects the fact that in the
conical (AdS) limit in which b = 0 this baryonic current is not broken, and as such
〈U〉 = 0.
The moduli space of the field theory in the new IR is equivalent to the geometry
close to the branes. Recall that we placed the N M2 branes at the north pole {θ3 = 0}
of the exceptional (θ3, φ3) sphere at r = 0. Defining ψ˜ = ψ + φ3 and introducing the
new radial variables r˜ = b
2
θ3, ρ =
√
3
2
r, the geometry close to the branes becomes to
leading order
ds2 = dρ2 +
ρ2
9
(
dψ˜ +
2∑
i=1
cos θidφi
)2
+
ρ2
6
(
dθ22 + sin
2 θ2dφ
2
2
)
+
ρ2
6
(
dθ21 + sin
2 θ1dφ
2
1
)
+
(
dr˜2 + r˜2dφ23
)
, (4.16)
which is precisely the Ricci-flat Ka¨hler metric of C(T 11) × C, in accordance with the
discussion in the previous subsection.
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4.2 Higgsing the Q111 field theory
We have argued that the warped resolved supergravity solutions described in the previ-
ous section are dual to spontaneous symmetry breaking in the SCFT in which the M5
brane states appear as baryonic-type operators. Let us study this in more detail in the
field theory described in §3. In this SCFT the symmetries U(1)I and U(1)II in (3.7)
are global, rather than gauge, symmetries, with the corresponding conserved currents
coupling to the baryonic U(1) gauge fields in AdS4. By inspection of this charge matrix
we conclude that it is possible to give a VEV to the Ai, Bi and Ci fields. These VEVs
then break the corresponding baryonic U(1) symmetries. In particular, by giving a
VEV to any pair of fields (As, Bs or Cs) we break only one particular U(1) baryonic
symmetry, leaving another combination unbroken. In this section we will examine the
resulting Higgsings of the gauge theory obtained by giving VEVs to different pairs of
fields, and compare with the gravity results of the previous section.
As explained in §2, at each of the two poles for each copy of CP1 in the Ka¨hler-
Einstein base of Q111, there is a supersymmetric five-cycle that may be wrapped by an
M5 brane. Altogether these are 6 M5 brane states, corresponding to the toric divisors
of C(Q111). Each pair are acted on by one of the SU(2) factors in the isometry group
SU(2)3 × U(1)R, rotating one into the other. Quantizing the BPS particles in AdS4
one obtains dual baryonic-type operators given by (3.15). In particular, consider the
M5 branes that sit at a point on the copy of CP1 = S2 with coordinates (θ3, φ3). In
the next section we will compute the VEV of these M5 brane operators in the partially
resolved gravity background described by (4.10), showing that the baryonic operator
dual to the M5 brane at θ3 = 0 vanishes, while that at the opposite pole θ3 = π is non-
zero and proportional to the resolution parameter b (see equation (4.26)). Considering
the A fields in the field theory this corresponds to the fact that, after breaking the
baryonic symmetry by giving diagonal VEVs to these fields, it is possilbe to use the
SU(2) flavour symmetry to find one combination of A fields with zero VEV, and an
orthogonal combination with non-vanishing VEV. Let us assume for example that
〈A1〉 = 0 and 〈A2〉 = b IN×N . Thus only one baryonic operator in (3.15) has non-
vanishing VEV, namely 〈BA2〉 = bN ∆A2 .7 This situation was analyzed in [27], where
it was shown that the effective field theory in the IR has CS quiver
7As anticipated in §3, at the IR superconformal fixed point the dimensions of the chiral fields
are expected to be different from the free field fixed point. That is why generically the VEV of the
baryonic operator is 〈BA2〉 = bN ∆A2 .
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with superpotential
W = TrΦ
(
C2B1B2C1 − B2C1C2B1
)
. (4.17)
As shown in [27], the moduli space of this theory is indeed C(T 11)×C. This is of course
expected from the gravity analysis of equation (4.16). Any other VEV for the A fields
corresponds to placing the M2 branes on SU(2)-equivalent points on the blown-up CP1,
and therefore results in the same near horizon geometry.
The manifest symmetry exhibited by the Lagrangian of the Q111 field theory is
SU(2)× U(1)R, which is only a subgroup of the full SU(2)3 × U(1)R symmetry which
is expected from the isometry of the Q111 manifold. Therefore, in contrast to the
situation with the A fields, we see that different VEVs for the pairs of B or C fields
result in different theories in the IR. Giving a non-vanishing VEV to C1 and C2, for
example, results in the CS quiver
with superpotential
W = Tr
(
A2B1B2A1 − B2A2A1B1
)
, (4.18)
while when the VEV of only one field is non-vanishing we instead obtain the CS quiver
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with superpotential
W = TrC2
(
A2B1B2A1 − A2A1B1B2
)
. (4.19)
Of course, both cases correspond geometrically to blowing up the same CP1, as can be
seen from the explicit construction of the field theory moduli space. However, recall
that the position of the M2 branes depends on the VEVs of C1 and C2. While in
the gravity picture all locations on the exceptional CP1 are SU(2)-equivalent, in the
field theory since only part of the global symmetery is manifest we obtain different
theories for different VEVs. The supergravity analysis hence suggests that the theories
obtained in the IR above are dual. Indeed, one can check that the moduli spaces of
these theories are the same, the details appearing in [51], for example.
The QCS theory for C(T 11)×C in (4.18) has zero CS levels, and there is therefore no
tunable coupling parameter in this theory. This may be understood as follows. After
blowing up the cone to the partial resolution and placing the stack of M2 branes at
a residual singular point on the exceptional CP1, the tangent cone geometry at this
point is C(T 11)× C. In the field theory the S1 that rotates the copy of C corresponds
to the M-theory circle. Shrinking the size of this circle in the M-theory supergravity
solution corresponds to a Type IIA limit describing a black D2 brane solution with no
smooth near horizon. We should therefore not expect to find a dual field theory with
a weak coupling limit. On the other hand, in the remaining two field theories (4.17),
(4.19) for C(T 11)×C described in this section the M-theory circle involves a U(1) that
acts also on C(T 11).8
As a final comment in this section, notice that in general we will have an infinite
set of CFTs dual to the Q111 geometry, with different boundary conditions on the
baryonic gauge fields (2.10) in AdS4. From our earlier discussion, these will have the
same QCS theories in the SU(N) sector, but different U(1) sectors. In particular, in
general different combinations of the diagonal U(1)s in U(N) may be gauged, and with
different U(1) CS levels from the levels ka of the SU(N) factors. These U(1) sectors
will in general behave differently under Higgsing. In particular, a global U(1) can
be sponteneously broken, while a gauged U(1) can be Higgsed. It will be interesting
to investigate this general structure in both the field theory and dual supergravity
solutions, although we leave this for future work, focusing instead on the U(1)2 ×
SU(N)4 theory.
8The M-theory circle can be deduced by computing the Zk orbifold action on the moduli space in
each case.
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4.3 Baryonic condensates and M5 branes in the Q111 solution
In the previous section we discussed the RG flow triggered by giving a VEV to one
of the fields, and hence baryonic operators, in the Q111 theory with gauge group
U(1)2 × SU(N)4. In this section we calculate the VEV of this baryonic operator
in the corresponding gravity solution described by (4.10). In order to do this we follow
the analogous calculation in the Type IIB context, discussed in [21, 29]. In this pre-
scription, to determine the VEV of a baryonic operator dual to an M5 brane wrapped
on a five-submanifold Σ5 ⊂ Y in the (partially) resolved supergravity background, we
compute the Euclidean action of an M5 brane which wraps a minimal six-dimensional
manifold in X which at large r asymptotes to the cone over Σ5. In this section we
present an explicit example, although later we will present a general formula for such
VEVs.
Again, we focus on the partially resolved background for Q111 described by (4.10).
We are interested in computing the VEV of the operator that was carrying charge
under the baryonic symmetry before it was broken. As described in §2, this symmetry
originates on the supergravity side to a mode (2.10) of the six-form potential C6 along
a five-cycle in the Sasaki-Einstein manifold Q111. Consider a Euclidean M5 brane
that is wrapped on the six-manifold at a fixed point in the (θ3, φ3) copy of CP
1, and
is coordinatized by {r, ψ, θ1, θ2, φ1, φ2} in the partial resolution of C(Q111). This six-
manifold is a divisor in the partially resolved background, and hence this wrapped M5
brane worldvolume is a calibrated submanifold. The M5 brane carries charge under
the U(1) gauge field in AdS4 that descends from the corresponding harmonic five-form
in Q111. We calculate the Euclidean action of this wrapped M5 brane up to a radial
cut-off r = rc, identifying e
−S(rc) with the classical field dual to the baryonic operator,
as in [29]. Explicitly, the action is given by
S(rc) = T5
∫
r≤rc
h
√
det g6 d
6x , (4.20)
where T5 = 2π/(2πℓp)
6 is the M5 brane tension, the warp factor h is given by (4.10),
and det g6 is the determinant of the metric induced on the M5 brane worldvolume.
This induced metric is
ds26 = κ
−1dr2 + κ
r2
16
(
dψ +
2∑
i=1
cos θidφi
)2
+
r2
8
(
dθ22 + sin
2 θ2dφ
2
2
)
+
r2
8
(
dθ21 + sin
2 θ1dφ
2
1
)
, (4.21)
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where recall that κ(r) is given by (4.6). A straightforward calculation hence gives√
det g6 =
r5 sin θ1 sin θ2
256
. (4.22)
Subtituting these results into (4.20) then gives
S(rc) =
T5
256
∫
dφ1 dφ2 dθ1 dθ2 dψ sin θ1 sin θ2
∫ rc
0
dr r5
∞∑
l=0
Hl(r)Pl(cos θ3)
=
π3T5
4
[∫ rc
0
dr r5H0(r) +
∞∑
l=1
∫ rc
0
dr r5Hl(r)Pl(cos θ3)
]
. (4.23)
Let us evaluate the integrals separately. The first diverges in the absence of the cut-off
rc, since ∫ rc
0
dr r5H0(r) ≃ R
6
2
[1
3
+ log
(
1 +
3r2c
8b
)]
. (4.24)
The second integral is finite and can be calculated straightforwardly:∫ ∞
0
dr r5
∞∑
l=1
Hl(r)Pl(cos θ3) =
3R6
4
∞∑
l=1
(2l + 1)
l(l + 1)
Pl(cos θ3)
= −3R
6
2
(1
2
+ log sin
θ3
2
)
. (4.25)
Recall here that R is given by (4.13). Subtituting these results into (4.23) then gives
e−S(rc) = e7N/18
(
8b
3 r2c
)N
3
(
sin
θ3
2
)N
. (4.26)
The interpertation of this result is along the same lines as the discussion in the case of
the conifold in [29]. We will therefore keep our discussion brief and refer the reader to
[29] for further details. Since the AdS4 radial coordinate is related to r as z = r
−2, we
see that the operator dimension is ∆ = N
3
, as anticipated by our field theory discussion.
Indeed, this provides a non-trivial check of the R-charge assignment required for the
theory to have an IR superconformal fixed point, supporting the conjecture that the
theory is indeed dual to M2 branes moving in C(Q111).
For the remaining M5 branes, wrapped on Euclidean six-submanifolds at a point in
either the (θ1, φ1) or (θ2, φ2) copies of CP
1, we note that e−S(rc) = 0. This is simply
because the M5 brane worldvolumes intersect the M2 brane stack on the exceptional
CP
1 parametrized by (θ3, φ3) in these cases, and hence the worldvolume action (4.20)
is logarithmically divergent near to the M2 branes – for further discussion of this in
the D3 brane case, see [21]. Thus the dual gravity analysis of the partially resolved
supergravity solution is in perfect agreement with the proposed Q111 field theory, at
least with the boundary conditions we study in this section.
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4.4 Wrapped branes and the phase of the condensate
In the resolved, or partially resolved, geometry one can consider various different kinds
of stable wrapped branes in the r ∼ 0 region. These shed further light on the physical
interpretation of the supergravity solutions.
In the fully resolved case with a > 0 and b > 0 one could consider an M5 brane
wrapping the exceptional CP1 × CP1 at r = 0 and filling the spacetime directions x0,
x1. This is a domain wall in the Minkowski three-space in (4.8). Its tension, given by
the energy of the probe brane, is
EM5 = Twall = abT5π
2
16
. (4.27)
Notice that the warp factor cancels out in this computation, and the brane remains of
finite tension even if the stack of M2 branes is placed at r = 0.
Of more interest for us is to consider an M2 brane wrapping an exceptional CP1,
either in the resolved or partially resolved background. In the former case notice there
are homologically two choices of such CP1 inside CP1 × CP1 at r = 0. Again, in
either case this is a calibrated cycle. This leads to a point particle in the Minkowski
three-space, moving along the time direction x0, whose mass is
EM2 = mpoint =
bT2π
4
. (4.28)
Again, its energy remains finite even when the M2 brane stack is at r = 0. This
wrapped M2 brane is the analogue of the global string that was discussed in [30] for
the conifold theory in Type IIB. In our case the worldline of this point particle is linked
by a circle, as it lives in a three dimensional spacetime. As we shall explain below,
there are certain light fields/particles that have monodromies around this circle.
Consider three-form fluctuations of the form
δC3 = A ∧ β , (4.29)
where β is a two-form on the Ricci-flat Ka¨hler manifold X , and ⋆8 denotes the Hodge
dual on X . Demanding that A is a massless gauge field in the Minkowski three-space
leads to the equations
dβ = 0 , d( h ⋆8 β) = 0 . (4.30)
In particular β is closed and hence defines a cohomology class in H2(X,R); we shall
be interested in the case where this class is Poincare´ dual to the two-cycle wrapped by
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the particle-like M2 brane. In three dimensions the gauge field A is dual to a periodic
scalar, which can be identified as the Goldstone boson of the spontaneous symmetry
breaking. Indeed, the M2 particle is a magnetic source for this pseudoscalar. The
pseudoscalar modes will therefore have unit monodromy around a circle linking the
M2 particle worldline. As in [30], this Goldstone boson is expected to appear as a
phase, through the Wess-Zumino action of the Euclidean M5 brane, in the baryonic
condensate. We shall see that this is indeed the case.
It thus remains to construct appropriate two-forms β satisfying (4.30) in the warped
resolved backgrounds for Q111. This will occupy us for the remainder of this subsection.
It will turn out to be simpler to use the metric in form given in (B.13), which we
reproduce here for convenience:
ds2 = U−1d̺2 + U̺
(
dψ +
3∑
i=1
cos θidφi
)2
+ (l22 + ̺)
(
dθ22 + sin
2 θ2dφ
2
2
)
+(l23 + ̺)
(
dθ23 + sin
2 θ3dφ
2
3
)
+ ̺
(
dθ21 + sin
2 θ1dφ
2
1
)
, (4.31)
where
U(̺) =
3 ̺3 + 4 ̺2 (l22 + l
2
3) + 6 l
2
2 l
2
3̺
6 (l22 + ̺) (l
2
3 + ̺)
. (4.32)
The constants l2, l3 are related to the constants a, b in (4.5) via a = 4l
2
2, b = 4l
2
3.
4.4.1 Harmonic forms: unwarped case
As a warm-up, we begin with the unwarped case in which the warp factor h ≡ 1. It is
convenient to introduce the following vielbein
eθi = dθi, eφi = sin θidφi, g5 = dψ +
3∑
i=1
cos θidφi . (4.33)
A natural ansatz for two two-forms βi, i = 2, 3, is then
βi = eθi ∧ eφi + d(fi g5) , i = 2, 3 , (4.34)
where fi is a function of the radial coordinate ̺. Without loss of generality we will
focus on the case i = 2 and, in order not to clutter notation, drop the subscript in fi.
After some algebra one finds the following equation for f
̺ (̺+ l23)
(̺+ l22)
(1− f)− (̺+ l
2
2) (̺+ l
2
3)
̺
f − (̺+ l
2
2) ̺
(̺+ l23)
f
+∂̺
(
̺ (̺+ l22) (̺+ l
2
3) ∂̺f
)
= 0 . (4.35)
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Since the corresponding δC3 fluctuation in (4.29) couples to the M2 brane wrapped
over the CP1 at ̺ = 0, β should approach here the volume form of the finite sized CP1.
For this we require the boundary condition that f(̺ = 0) vanishes. On the other hand,
as we will see later, in the large ̺ region β should asymptote to a harmonic two-form
ω2 on the singular cone.
It turns out that equation (4.35) can be solved exactly. Using the above boundary
conditions to fix integration constants, we have
f =
̺2 + 3
2
l23 ρ
3 (̺+ l22) (̺+ l
2
3)
. (4.36)
Given this f , at small ̺ one can check that β asymptotes to eθ2 ∧ eφ2 , which is the
volume form of the submanifold that the M2 brane is wrapped on, while at large ̺
instead β asymptotes to a harmonic two-form ω2 on the singular cone which is simply
the pull-back of a harmonic two-form on Q111.
4.4.2 Harmonic forms: warped case
Let us now turn to the warped case. Since with the M2 brane stack at ̺ = 0 the warp
factor is then a function of (̺, θ2, θ3), it is natural to consider the following ansatz for
the two-form β:
β = eθ2 ∧ eφ2 + d
(
f0 g5 +
3∑
i=2
fi eφi
)
, (4.37)
where now fµ = fµ(̺, θ2, θ3), and µ = 0, 2 or 3.
The second equation in (4.30) implies that the fµ must satisfy
∂ρ
(h√det g U(ρ)
ℓ2j + ρ
∂ρfj
)
+
3∑
i=2
1
sin θi
∂θi
( h√det g sin θi
(ℓ2j + ̺)(ℓ
2
i + ̺)
∂θifj
)
− (4.38)
−∂θj
(h√det g f0
(ℓ2j + ̺)
2
)
+ ∂j
(h√det g cot θj
(ℓ2j + ̺)
2
)
fj + ∂θj
(h√det g
(ℓ2j + ̺)
2
)
δj,2 = 0 ,
for µ = j, and
∂̺
(
h
√
det g ∂̺f0
)
+
3∑
i=1
1
sin θi
∂θi
(U−1(̺)√det g h
(̺+ l2i )
sin θi ∂θi f0
)
(4.39)
+
3∑
i=2
√
det g h
(̺+ l2i )
2 sin θi
∂θi
(
sin θi fi
)
−
3∑
i=1
√
det g h
(̺+ l2i )
2
f0 +
h
√
det g
(̺+ l22)
2
= 0 ,
for µ = 0. Note that l1 ≡ 0 and
√
det g = ̺ (̺+ l22) (̺+ l
2
3).
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We have three equations for three functions fµ, so we expect this system to contain
the desired solution for β. Furthermore, if we consider the unwarped case where h ≡ 1
we can consistently set fi = 0 and assume f0 = f0(̺). In this case the second equation
reduces to
∂̺
(√
det g ∂̺f0
)
−
3∑
i=2
√
det g
(̺+ l2i )
2
f0 +
√
det g
(̺+ l22)
2
= 0 . (4.40)
This is precisely the equation obtained above. Furthermore, these equations can be
seen to arise from minimizing the action
I =
∫
X
β ∧ ⋆8h β =
∫ π
0
dθ2
∫ π
0
dθ3
∫ ∞
0
d̺ h
√
det g sin θ2 sin θ3
[
(∂̺ f0)
2 +
+
(∂θ3f0)
2
U (l23 + ̺)
+
(∂θ2f0)
2
U (l22 + ̺)
+
(f0 − ∂θ3f3 − cot θ3f3)2
(l23 + ̺)
2
+
(∂θ3f2)
2 + (∂θ2f3)
2
(l22 + ̺)(l
2
3 + ̺)
+
+
(−1 + f0 − cot θ2f2 − ∂θ2f2)2
(l22 + ̺)
2
+
U
(l22 + ̺)
(∂̺f2)
2 +
U
(l23 + ̺)
(∂̺f3)
2 +
f 20
̺2
]
.
With the boundary conditions above, one can check that I is finite. We shall give a
more general argument for existence of this two-form later in this section.
Going back to the original physical motivation, the warped harmonic form β allows
one to construct a three-form fluctuation δC = A ∧ β that satisfies the linearized
SUGRA equations. Consider the Hodge dual
δG7 = ⋆3dA ∧ h ⋆8 β . (4.41)
As noted above, the three-dimensional gauge field A is dual to a periodic scalar via
⋆3dA = dp. Thus we can write
δG7 = dp ∧ h ⋆8 β = d (p h ⋆8 β) , (4.42)
thus obtaining a local form for the six-form fluctuation. At very large ̺, β can be
approximated to leading order by
β ∼ 2
3
eθ2 ∧ eφ2 −
1
3
eθ1 ∧ eφ1 −
1
3
eθ3 ∧ eφ3 , (4.43)
so that
δC6 ⊃ p d̺
̺2
∧ dψ ∧ eθ1 ∧ eφ1 ∧ eθ2 ∧ eφ2 . (4.44)
This form of the local potential couples to the baryonic M5 brane through the Wess-
Zumino term, thus reinforcing the identification of the scalar p as the phase of the
baryonic condensate and Goldstone boson. Furthermore, at large ̺ we can also write
δG7 ⊃ d( ̺−1 dp ∧ dψ ∧ eθ1 ∧ eφ1 ∧ eθ2 ∧ eφ2) . (4.45)
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Then, following [30], we note the appearance of the volume form of the submanifold
wrapped by the baryonic M5 brane, with the appropriate decay for a conserved current
in three dimensions of dimension 2. This motivates the identification
〈JBµ 〉 ∼ ∂µp . (4.46)
4.5 General warped resolved Calabi-Yau backgrounds
Much of our discussion of the resolved Q111 backgrounds can be extended to general
warped resolutions of Calabi-Yau cones. In the remainder of this section we describe
what is known about such generalizations. In particular in the next subsection we
present a novel method for computing M5 brane condensates in such backgrounds, or
more generally the worldvolume actions of branes in warped Calabi-Yau geometries.
4.5.1 Gravity backgrounds
As for the Q111 case we are interested in M-theory backgrounds of the form
ds211 = h
−2/3ds2(R1,2) + h1/3ds2(X) , (4.47)
G = d3x ∧ dh−1 ,
where X is a Ricci-flat Ka¨hler eight-manifold that is asymptotic to a cone metric over
some Sasaki-Einstein seven-manifold Y . Placing N spacetime-filling M2 branes at a
point y ∈ X leads to the warp factor equation
∆xh[y] =
(2πℓp)
6N√
det gX
δ8(x− y) . (4.48)
Here ∆h = d∗dh = −∇i∇ih is the scalar Laplacian of X acting on h. Thus h[y](x)
is simply the Green’s function on X . More generally, one could pick different points
yi ∈ X , with Ni M2 branes at yi, such that
∑
iNi = N . Then h[{yi, Ni}](x) will
be a sum of Green’s functions, weighted by Ni. We shall regard this as an obvious
generalization. There are thus two steps involved in constructing such a solution:
choose a Calabi-Yau metric on X , and then solve for the Green’s function. If the
latter is chosen so that it vanishes at infinity then the SUGRA solution (4.47) will be
asymptotically AdS4 × Y with N units of G7 flux through Y .
If Y is a Sasaki-Einstein manifold then C(Y ) defines an isolated singularity at the
tip of the cone r = 0. We may then take a resolution π : X → C(Y ), which defines our
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manifold X as a complex manifold. The map π is a biholomorphism of complex mani-
folds on the complement of the singular point {r = 0}, so that in X the singular point
is effectively replaced by a higher-dimensional locus, which is called the exceptional set.
We require that the holomorphic (4, 0)-form on C(Y ) extends to a smooth holomorphic
(4, 0)-form on X . Such resolutions are said to be “crepant”, and they are not always
guaranteed to exist, even for toric singularities. In the latter case one can typically only
partially resolve so that X has at worst orbifold singularities. Having chosen such an
X we must then find a Calabi-Yau metric on X that approaches the given cone metric
asymptotically. Fortunately, mathematicians have very recently proved that you can
always find such a metric. Essentially, this is a non-compact version of Yau’s theorem
with a “Dirichlet” boundary condition, where we have a fixed Sasaki-Einstein metric
at infinity on ∂X = Y and ask to fill it in with a Ricci-flat Ka¨hler metric. There are a
number of papers that have developed this subject in recent years [52, 53, 54, 55, 56, 57],
but the most recent [58, 59] prove the strongest possible result: that in each Ka¨hler
class in H2(X,R) ∼= H1,1(X,R) (see [57]) there is a unique Calabi-Yau metric that
is asymptotic to a fixed given Sasaki-Einstein metric on Y = ∂X . Note this result
assumes the existence of the Sasaki-Einstein metric – it does not prove it.
The crepant (partial) resolutions of toric singularities are well understood, being
described by toric geometry and hence fans of polyhedral cones. The extended Ka¨hler
cone for such resolutions is known as the GKZ fan, or secondary fan. The fan is a
collection of polyhedral cones living in Rb2(X), glued together along their boundaries,
such that each cone corresponds to a particular choice of topology for X . Implicit
here is the fact that b2(X) is independent of which topology for X we choose. A point
inside the polyhedral cone corresponding to a given X is a Ka¨hler class on X . The
boundaries between cones correspond to partial resolutions, where there are further
residual singularities, and there is a topology change as one crosses a boundary from
one cone into another. The GKZ fan for Y = Q111 was described in Figure 3. If we
combine this description with the above existence results, we see that the GKZ fan is
in fact classifying the space of resolved asymptotically conical Calabi-Yau metrics.
Having chosen a particular resolution and Ka¨hler class, hence metric, we must then
find the warp factor h satisfying (4.48). This amounts to finding the Green’s function
on X , and this always exists and is unique using very general results in Riemannian
geometry. A general discussion in the Type IIB context may be found in [20], and the
comments here apply equally to the M-theory setting. In the warped metric (4.47) the
point y ∈ X is effectively sent to infinity, and the geometry has two asymptotically
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AdS4 regions: one near r = ∞ that is asymptotically AdS4 × Y , and one near to
the point y, which if y is a smooth point is asymptotically AdS4 × S7. For further
discussion, see [20, 21, 48].
If one places the N M2 branes at the same position y ∈ X , the moduli space
is naturally a copy of X . The b2(X) Ka¨hler moduli are naturally complexified by
noting that H6(X, Y,R) ∼= H2(X,R) ∼= Rb2(X) by Poincare´ duality, and that this group
classifies the periods of C6 through six-cycles in X , which may either be closed or have
a boundary five-cycle on Y = ∂X . More precisely, taking into account large gauge
transformations leads to the torus H2(X, Y,R)/H2(X, Y,Z) ∼= U(1)b2(X). Altogether
this moduli space of SUGRA solutions should be matched to the full moduli space of
the dual SCFT. At least for toric X one can prove quite generally via an exact sequence
that b2(X) = b2(Y ) + b6(X), where b6(X) is also the number of irreducible exceptional
divisors in the resolution. In toric language, this is the number of internal lattice points
in the toric diagram. We shall discuss such examples in §5: the presence of calibrated
six-cycles is expected to lead to M5 brane instanton corrections in these backgrounds.
4.5.2 Harmonic two-forms
Recall we are also interested in fluctuations of the form
δC3 = A ∧ β , (4.49)
where A leads to a massless gauge field in the Minkowski three-space if
dβ = 0 , d( h ⋆8 β) = 0 . (4.50)
For trivial warp factor h ≡ 1 this just says that β is harmonic. It is a general result
that if we also impose that β is L2 normalizable, or equivalently that A has finite
kinetic energy in three dimensions, then such forms are guaranteed to exist and are in
1-1 correspondence with H2(X, Y,R) ∼= H6(X,R) [60]. Thus there are always b6(X)
L2 normalizable harmonic two-forms β in the unwarped case.
However, this case isn’t the physical case for applications to AdS/CFT . Instead
we should look for solutions to (4.50) where h is the Green’s function on X . Again,
fortunately there are mathematical results that we may appeal to to guarantee existence
of such forms. These are again described in the Type IIB context in [21]. In the
warped case β is harmonic with respect to the metric h1/2ds2(X). This manifold has
an asymptotically conical end with boundary S7 (or more generally YIR if the M2
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brane stack is placed at a singular point with horizon YIR), and an isolated conical
singularity with horizon metric 1
4
ds2(Y ). The number of L2 harmonic two-forms on
such a space is in fact known, and is b2(X). To see this requires combining a number
of mathematical results that are described in [21]. In particular, since b2(X) = b2(Y )+
b6(X) there is a corresponding harmonic form, and hence Goldstone mode, for each
of the b2(Y ) baryonic U(1) symmetries. Indeed, these b2(Y ) harmonic forms can be
seen to asymptote to the harmonic two-forms on Y at r = ∞. Thus the analysis at
the end of §4.4 carries over in much more general backgrounds. We shall analyse the
asymptotics of the b6(X) unwarped L
2 harmonic forms in more detail in §5, where they
will be given a very different interpretation.
4.6 Baryonic condensates: M5 branes in general warped ge-
ometries
As discussed in §2.3, M5 branes wrapped on five-manifolds Σ5 ⊂ Y lead, with appro-
priate choice of quantization of the gauge fields in AdS4, to scalar operators in the dual
SCFT that are charged under the U(1)b2(Y ) baryonic symmetry group. We have already
described how to compute the VEV of such an operator in the (partially) resolved Q111
background. More generally one should compute the action of a Euclidean M5 brane
which is wrapped on a minimal six-submanifold D ⊂ X with boundary ∂D = Σ5.
Similar computations, in some specific examples, have been performed in [50]. In this
section we explain how this Euclidean action may be computed exactly, in general, in
the case where D is a divisor. This is essentially a technical computation that may be
skipped if the reader is not interested in the details: the final formula is (4.79).
Let suppose that we are given a warped background (4.47), where X has an asymp-
totically conical Calabi-Yau metric and the warp factor satisfying (4.48) is given, with
a specific choice of point y ∈ X where the stack of N M2 branes are located. We would
like to compute
exp
(
−T5
∫
D
√
det gD h[y] d
6x
)
. (4.51)
Here T5 = 2π/(2πℓp)
6 is the M5 brane tension, and the integrand is the worldvolume
action (in the absence of a self-dual two-form). Thus gD denotes the pull-back of the
unwarped metric to the worldvolume D. We also assume that D is a divisor, in order
to preserve supersymmetry. Then D is also minimal and the integral is∫
D
√
det gD h[y] d
6x =
∫
D
ω3
3!
h[y] , (4.52)
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where ω denotes the Ka¨hler form of the unwarped metric, pulled back to D.
Before beginning our computation, we note that on a Ka¨hler manifold the scalar
Laplacian ∆h = d∗dh can be written as
∆h = −ωyddch = −2iωy∂∂¯h . (4.53)
Here dc ≡ I ◦ d = i(∂¯ − ∂), where I is the complex structure tensor. The contraction
ωyddch is then in local complex coordinates
ωyddch = 4ωij¯
∂2h
∂zi∂z¯j¯
= −∆h , (4.54)
where
ω =
i
2
ωij¯dz
i ∧ dz¯j¯ . (4.55)
For simplicity we shall study the case in whichD is described globally by the equation
D = {f = 0}, where f is a global holomorphic function on X . This means that the
homology class of D is trivial, and hence in fact the wrapped M5 brane carries zero
charge under U(1)b2(Y ). The cases studied in [50] are of this form. More generally, since
D is a complex divisor it defines an associated holomorphic line bundle LD over X .
Then we may take D to be the zero set of a holomorphic section of LD, with a simple
zero along D. To extend the computation below to this case would require combining
the argument we give here with the arguments in §5.
Thus, suppose that f is a holomorphic function with a simple zero along D, and
introduce the two-form
ηD ≡ 1
2π
ddc log |f | = − 1
2πi
∂∂¯ log |f |2 . (4.56)
Let us examine its properties. First, note that
log |f |2 = log f + log f¯ . (4.57)
Since f is holomorphic, and thus ∂¯f = 0 by definition, this shows that away from the
locus f = 0, which is the divisor D, in fact ηD = 0. On the other hand, locally along D
we can write f = zg where z is a local coordinate normal toD, and g = g(z, w1, w2, w3),
where w1, w2, w3 are local complex coordinates along D and g has no zero in this local
chart. We may then write z = reiθ, and note that
1
2π
ddc log r = δ2(0)
i
2
dz ∧ dz¯ . (4.58)
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This is just the elementary statement that (1/2π) log r is the unit Green’s function in
dimension two (the local transverse space to D). Thus we have shown that ηD is zero
away from D, and is a unit delta function supported along D.
Using these properties of ηD we may hence write
V ≡ T5
∫
D
ω3
3!
h[y] =
∫
X
T5h[y]
2π
ω3
3!
∧ ddc log |f | . (4.59)
Note in particular that T5h[y]/2π is N times the unit Green’s function (with unit delta
function source), i.e.
∆x
(
T5h[y]
2π
)
=
N√
det gX
δ8(x− y) . (4.60)
We then integrate by parts
V =
∫
∂X=Y
T5h[y]
2π
ω3
3!
∧ dc log |f | −
∫
X
d
(
T5h[y]
2π
)
∧ ω
3
3!
∧ dc log |f | . (4.61)
We will deal with the boundary terms later, focusing for now on the integrals over X .
First note that
γ ∧ ω
3
3!
= − ⋆ I(γ) . (4.62)
holds for any one-form γ. Using this we may write
V = −
∫
X
d
(
T5h[y]
2π
)
∧ ω
3
3!
∧ dc log |f |+ boundary term
=
∫
X
dc
(
T5h[y]
2π
)
∧ ω
3
3!
∧ d log |f |+ boundary term . (4.63)
Here we have used that the metric is of course Hermitian, so that gX(γ, δ) = gX(Iγ, Iδ).
We then again integrate by parts
V =
∫
X
ddc
(
T5h[y]
2π
)
∧ ω
3
3!
log |f |+ boundary terms , (4.64)
where explicitly now
boundary terms =
∫
∂X=Y
{
T5h[y]
2π
ω3
3!
∧ dc log |f | − dc
(
T5h[y]
2π
)
∧ ω
3
3!
log |f |
}
.(4.65)
In fact this boundary integral is divergent – a key physical point in interpreting it
holographically. For now let us deal with the integral over X in (4.64). Using (4.53)
we may write
− ddc
(
T5h[y]
2π
)
∧ ω
3
3!
= ∆
(
T5h[y]
2π
)
ω4
4!
=
N√
det gX
δ8(x− y)ω
4
4!
, (4.66)
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and thus
V = −
∫
X
Nδ8(x− y) log |f | d8x = −N log |f(y)|+ boundary terms . (4.67)
Let us turn now to the boundary terms. In order to render this finite, we cut off the
integral at some large r = rc, and write the boundary integral as
boundary terms =
∫
Yrc
[
T5h[y]
2π
dc log |f | − log |f |dc
(
T5h[y]
2π
)]
∧ ω
3
3!
. (4.68)
We require that D is asymptotically conical, so that at large rc it approaches a cone
over a compact five-manifold Σ5 ⊂ Y . In the cone geometry, a conical divisor with
trivial homology class is specified as the zero set of a homogeneous function under r∂r.
Thus we take
|f | = Arλ (1 + . . .) , (4.69)
where A is homogeneous degree zero (i.e. a function on Y ) and the . . . are terms that
go to zero as r → ∞. Thus f has asymptotic homogeneous degree λ > 0. Now, the
volume form on Y is
dvol(Y ) = η ∧ (dη)
3
23 · 3! , (4.70)
where η = dc log r and ωcone =
1
2
d(r2η) is the Ka¨hler form on the cone over Y . Asymp-
totically,
ω = ωcone +O(r
4) . (4.71)
The O(r4) follows since the leading correction to the cone metric is a harmonic two-
form on Y , which is down by a factor of r−2 relative to the cone metric. We also
have
T5h[y]
2π
=
N
6vol(Y )r6
(1 + . . .) . (4.72)
Cf. (2.6). Thus the first term in (4.68) is convergent and gives
lim
rc→∞
∫
Yrc
T5h[y]
2π
dc log |f | ∧ ω
3
3!
=
N
6vol(Y )
· λ · vol(Y ) = Nλ
6
. (4.73)
Note here that the function A does not contribute to the integral as it is independent
of r, and thus J(r∂r)yd
c logA = 0. On the other hand, the second term in (4.68)
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is divergent, the leading divergent piece being Nλ log rc . Provided the . . . terms in
|f | and h fall off as o(r−ǫ), for some ǫ > 0, then in fact this is the only divergence
(since any positive power of r grows faster than log r). There is also a finite part,
namely N
∫
Y
logA/vol(Y ). However, the important point is that this depends only on
asymptotic data.
Let us interpret this divergence. Suppose that the Sasaki-Einstein manifold Y is
quasi-regular, meaning that it is a U(1) bundle over a Ka¨hler-Einstein orbifold Z.9
Then asymptotically f is, in its dependence on Z, a holomorphic section of Lk for
some integer k ∈ Z>0, where L = K−1/IZ with I = I(Z) ∈ Z>0 being the orbifold Fano
index of Z. Here KZ denotes the orbifold canonical bundle of Z, and I is by definition
the largest integer so that the root L is defined. It follows that
λ =
4k
I
, (4.74)
where 4 = dimCX . The five-manifold Σ5 ⊂ Y is then the total space of a U(1) bundle
over an orbifold surface S ⊂ Z, with the Poincare´ dual to S being represented by
c1(L
k) = kc1(Z)/I. The Ka¨hler-Einstein condition on Z gives
8[ωZ ] = 2πc1(Z) ∈ H1,1(Z,R) , (4.75)
where ωZ = (1/2)dη denotes the Ka¨hler form of Z.
Now, the conformal dimension of the operator dual to an M5 brane wrapped on Σ5
is given by the general formula
∆(O[Σ5]) = πNvol(Σ5)
6vol(Y )
. (4.76)
In the quasi-regular case at hand, the length of the U(1) circle cancels in the numerator
and denominator and we can write this as
∆(O[Σ5]) =
πN
∫
S
ω2Z
2!
6
∫
Z
ω3
Z
3!
=
πN k
I
∫
Z
ω2Z
2!
∧ c1(V )
2
∫
Z
ω3
Z
2!
=
2Nk
I
. (4.77)
Here in the last step we used the Ka¨hler-Einstein condition (4.75). Thus we have the
general result that the divergent part of the integral is
Nλ log rc = 2∆(O[Σ5]) log rc = −∆(O[Σ5]) log z , (4.78)
where we have changed to the usual AdS4 coordinate r
2
c = 1/z. Thus we see that the
divergent part of the integral is precisely such that we can interpret its coefficient as
9In fact the irregular case can be approximated arbitrarily closely by the quasi-regular case.
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the VEV of the operator O[Σ5] in this background. This coefficient is, from the above
computations,
exp(−Vreg) = |f(y)|N exp
(
−Nλ
6
− N
vol(Y )
∫
Y
log(|f |/rλ)
)
. (4.79)
This is an exact result for the VEV, or regularized exponential of the M5 brane action,
in terms of the defining function f of the divisor D. The integral is understood in the
limit Y = Yrc as r = rc →∞, which is convergent as the integrand is independent of r
in this limit. Notice, in particular, that if one multiplies f by a constant, this constant
drops out of the formula, as it should.
5 Six-cycles and non-perturbative superpotentials
So far our discussion has mainly focused on the Q111 theory and its warped resolved
supergravity solutions. However, this solution is somewhat special in that the resolved
Calabi-Yau manifolds are “small resolutions” – that is, there are no exceptional di-
visors, or six-cycles, in the resolved solution. An isolated toric Calabi-Yau four-fold
singularity will typically have exceptional divisors when it is resolved.10 The irreducible
components of these divisors are in 1-1 correspondence with the internal lattice points
in the toric diagram, and a simple homology calculation shows that these generate
the group H6(X,R) of six-cycles. This immediately raises the question of what is the
AdS/CFT interpretation of such six-cycles, as we mentioned briefly at the end of sec-
tion 4.5. Again, in order to make our discussion concrete we will begin by focusing on
a simple example, namely the cone over Q222. This is a Z2 orbifold of Q
111 in which
the free Z2 quotient is along the R-symmetry U(1) fibre. Further details about the
geometry of this manifold are contained in appendix C.
5.1 The C(Q222) theory
A candidate dual field theory to C(Q222) was proposed in [27]. In fact there are (at
least) two possible toric phases for this theory. The quivers of the two phases are
10As already mentioned, generically one can at best partially resolve such singularities so that the
remaining singularities are all of orbifold type.
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with superpotentials
WI = Tr ǫij ǫmnX
i
12X
m
23X
j
34X
n
41 ,
WII = Tr
(
ǫij ǫmnX
i
32X
m
24X
jn
43 − ǫij ǫmnXm31X i14Xjn43
)
. (5.1)
Following the same prescription for C(Q111), we will consider quantizations of the
gauge fields in AdS4 such that the gauge groups are U(1)G × U(1)G−1 × SU(N)4. As
shown in [27], the moduli spaces of both phases give the desired cone over Q222. Fur-
thermore, with SU(N) gauge groups we have two global U(1) baryonic symmetries,
which precisely match the b2(Q
222) = 2 gauge fields we find in AdS4 from the gravi-
tational point of view. Thus, as far as the moduli space and baryonic symmetries are
concerned, the C(Q222) case closely resembles its C(Q111) cousin.
However, inspection of the C(Q222) toric diagram in Figure 4 shows an interior lattice
Figure 4: The toric diagram for C(Q222).
point, signaling the possibility of blowing up a six-cycle. We shall discuss the geometry
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of such resolutions in more detail later in this section. However, this immediately raises
the question of the field theory interpretation of this six-cycle. As we discuss in the
next subsection, such six-cycles have been shown to be responsible for non-perturbative
superpotentials in Calabi-Yau compactifications via wrapped Euclidean M5 branes. We
are interested in such contributions to a non-perturbative superpotential in warped
Calabi-Yau backgrounds. The warping here is induced by the back-reaction of point-
like M2 brane sources on the Calabi-Yau.11
In previous sections we have argued that, for toric singularities with no vanishing
six-cycles, we can choose a set of boundary conditions which amounts to ungauging
all but the BG−1, BG U(1) symmetries. This gives rise to a field theory moduli space
which is roughly a (C∗)b2(Y ) fibration over the mesonic space. Here the fibres are the
global U(1)s we do not quotient by, and their corresponding D-terms that we do not
impose. On the SUGRA side, the mesonic part of the moduli space arises from the N
M2 branes that are free to move in the geometry. The b2(Y ) C
∗s are instead naturally
the b2(Y ) = b2(X) Ka¨hler classes plus the corresponding periodic scalars coming from
modes of C3 on associated two-cycles. More generally we have b2(X) = b2(Y ) + b6(X),
where X is a Calabi-Yau resolution of Y . We can at this point consider the same
operation for geometries with six-cycles, so that b6(X) 6= 0. However, in this case
the field theory moduli space seems to be too small. Let us consider the C(Q222)
example. In field theory we still have a (C∗)2 fibration over SymN C(Q222) as moduli
space, since there are again only 4 nodes in the quiver. On the other hand, the gravity
side has 3 Ka¨hler classes and corresponding periodic scalars coming from modes of C3
on the two-cycles (see §5.3). This immediately implies that the classical field theory
moduli space cannot possibly match all the gravity solutions. However, as argued in
the next subsections, geometries with exceptional six-cycles may have non-perturbative
corrections which could potentially fix this mismatch.
5.2 Non-perturbative superpotentials from six-cycles
The presence of exceptional six-cycles in warped resolved Calabi-Yau backgrounds
raises the very interesting possibility that Euclidean M5 branes (EM5) may wrap such
cycles. Indeed, the toric geometries under consideration do not have three-cycles, ei-
ther in the boundary Sasaki-Einstein manifold Y , or in the Calabi-Yau resolution X of
C(Y ). Thus there are no cycles on which to wrap Euclidean M2 branes, leaving only
11It might be possible to generalize this to the case with SUSY G-flux, in which the flux also sources
the warp factor.
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EM5 branes as possible instantonic branes in these backgrounds. More precisely, such
EM5 branes may be wrapped on the irreducible components of the exceptional divisor
in the Calabi-Yau resolution. Such cycles, being complex submanifolds, are automat-
ically supersymmetric. Moreover, as already mentioned, the irreducible components
are in 1-1 correspondence with the generating homology classes in H6(X,R).
A very similar situation was considered in [33], where compactifications of M-theory
to three dimensions on a Calabi-Yau four-fold were discussed. In that reference the roˆle
of Euclidean instantonic M5 branes, and their possible contribution to non-perturbative
superpotentials, was studied in detail. In order to generate such contributions, the num-
ber of zero modes, which includes the Goldstinos of the SUSYs broken by the brane,
must be appropriate to saturate the superspace measure. In particular, such instantons
must wrap cycles without infinitesimal holomorphic deformations, since the superpart-
ners of the deformation moduli would provide additional fermionic zero modes. In [33]
it was shown that the appropriate zero mode counting in the case of an M5 brane
wrapping a divisor D in this set-up requires the necessary condition that
χ(D,OD) ≡
3∑
i=0
(−1)i dimH i(D,OD) = 1 . (5.2)
This is the arithmetic genus of D. Assuming this necessary condition is satisfied,
the structure of the non-perturbative superpotential generated by an EM5 brane also
requires one to understand its dependence on the Ka¨hler moduli. As explained in [33],
the dependence on these Ka¨hler moduli is known exactly, being encoded entirely in the
semi-classical term e−V+iφ. Here V denotes the volume of the six-cycle, while φ is the
expected linear multiplet superpartner to V and is given by the period of C6 through
D. This latter structure is determined from holomorphy of the superpotential.
It is well-known that for any smooth compact toric manifold the arithmetic genus in
(5.2) is indeed equal to 1. This suggests that EM5 branes would typically generate non-
perturbative contributions to the superpotential in such cases. However, at this point
we should recall that the situation in [33] is slightly different from the one at hand.
Firstly, our Calabi-Yau four-fold is non-compact, so that gravity is decoupled from the
point of view of reduction to Minkowski three-space. Secondly, our set-up contains
also point-like M2 branes, and moreover in the warped solutions the back-reaction of
these M2 branes is also included. This leads to the asymptotically AdS4 backgrounds
discussed in section 2.1. It should however be possible to extend the analysis of [33] to
such warped cases.
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Let us first briefly discuss a similar situation in the more controlled Type IIB sce-
nario. In that case one can consider a Calabi-Yau three-fold singularity with colour
and fractional D branes wrapping the collapsed cycles at the singularity, leading to a
four-dimensional N = 1 SUSY field theory at the singularity. In addition one can con-
sider instantonic Euclidean Ep branes. The various types of strings stretching between
these branes can give rise to non-perturbative contributions to the superpotential of
the field theory at the Calabi-Yau singularity. Exactly as for the M-theory case, in
order for this non-perturbative superpotential to be generated at all the right number
of zero modes must be present. An important remark here is that the Ep-Ep sector
sees the full N = 2 Calabi-Yau three-fold background, thus generically leading to too
many zero modes to saturate the N = 1 superspace measure. Therefore in order for
a non-perturbative superpotential to be generated, some method of eliminating these
extra zero modes is required. On the other hand, the situation in M-theory is very
different since the colour M2 branes do not break any further the SUSYs of the Calabi-
Yau four-fold background. From this point of view, we then expect EM5 instantons
to generically contribute to non-perturbative corrections to the superpotential in three
dimensions.
Nevertheless, the structure and interpretation of such corrections is far from clear.
We can think of the gravitational background as a warped Calabi-Yau four-fold com-
pactification, albeit one which is asymptotically an AdS4 background. As such, we
expect to be able to promote all moduli, both Ka¨hler and those related to the po-
sitions of the M2 branes in the colour stack, to spacetime fields in the Minkowski
three-space. These will be dynamical fields provided the fluctuations are normalizable
in the warped metric; at least for the Ka¨hler moduli this is expected to be the case,
as discussed in the Type IIB context in [21]. However, finding an ansatz for such a
reduction is far from trivial, and at the time of writing there is no complete proposal
for such an ansatz which would allow one to compute the precise form of the non-
pertubative superpotential for these modes. The most recent paper on this subject
is [62], where the authors consider only the universal Ka¨hler modulus in a warped
compactification. On the other hand, following the more controlled Type IIB case,
one might expect that computing the warped volume of the Euclidean brane is the
dual “closed membrane channel” of the picture above, described in terms of M2 branes
in the blown up Calabi-Yau four-fold in the presence of the EM5 branes. In the IIB
case it has been explicitly checked [50] in some simple situations how the computation
of open string diagrams in the relevant sector [63, 64] can be reproduced though the
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computation of warped volumes, which are then interpreted as a resummation of such
open string diagrams. Of course, it should be stressed that in the M-theory scenario
at hand this can be taken only as a heuristic picture. In any case, one would expect
that a general holographic interpretation of the superpotential should also be available,
since the warped background is asymptotically AdS4. One natural suggestion is that
this might come from considering the boundary behaviour of the six-form fluctuation
sourced by the EM5 branes. We leave a more complete investigation of these issues for
further work. Instead in this paper we focus on computing the warped volumes of the
EM5 branes as a function of the moduli. Understanding precisely how this is related to
non-perturbative corrections in these warped resolved geometries will require further
work.
5.3 EM5 instantons in the resolved Q222 background
There is a unique resolution of C(Q222) where one blows up the six-cycle corresponding
to the internal lattice point in Figure 4. This gives a Calabi-Yau four-fold X which is
the total space of the canonical bundle O(−2,−2,−2)→ CP1 × CP1 × CP1. There is
a Ka¨hler class for each factor in the zero section exceptional divisor (CP1)3, leading to
a GKZ fan which is (R≥0)3, as shown in Figure 5. By the general theorem mentioned
Figure 5: The GKZ fan for Q222 is (R≥0)3. The axes ζa, a = 1, 2, 3, may be identified
with the Ka¨hler classes of each factor in CP1 × CP1 × CP1, or equivalently the FI
parameters in the GLSM.
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earlier we know that there will be a unique Ricci-flat Ka¨hler metric, which is asymptotic
to the cone metric over Q222, for each choice of Ka¨hler class. Again, in this case one
can write these metrics explicitly:
ds2 = κ(r)−1dr2 + κ(r)
r2
16
(
dψ +
3∑
i=1
cos θidφi
)2
+
(2a+ r2)
8
(
dθ22 + sin
2 θ2dφ
2
2
)
+
(2b+ r2)
8
(
dθ23 + sin
2 θ3dφ
2
3
)
+
r2
8
(
dθ21 + sin
2 θ1dφ
2
1
)
, (5.3)
where now
κ(r) =
r8 + 8
3
(a + b) r6 + 8 a b r4 − 16 k
r4 (2 a+ r2) (2 b+ r2)
. (5.4)
Here a, b and k are arbitrary constants, and correspond to the choice of Ka¨hler classes
ζa, a = 1, 2, 3. In particular, setting a = b = 0 implies that all three CP
1s have the
same volume, and the metric simplifies considerably. In this case it is convenient to
define r8⋆ = 16k, so that the exceptional divisor is at the radial position r = r⋆. For
further details about these metrics we refer the reader to appendix D.
Again, it is also possible to solve explicitly for the warp factor for these metrics. In
the simplified case with a = b = 0, one can place the stack of N M2 branes at an
arbitrary radial position r = r0 ≥ r⋆ and solve for the Green’s function. Again, we
refer the reader to appendix D for details of this warp factor. From now on we focus
exclusively on the case a = b = 0, where ζ1 = ζ2 = ζ3 is parametrized by the radius
r⋆ > 0.
5.3.1 Warped volumes
We are interested in computing the warped volume of the compact exceptional divisor
(CP1)3 at r = r⋆, with the stack of N M2 branes at the position y = (r0, ξ0). Here ξ0
denotes the point in the copy of Q222 at radius r = r0. Thus we define
S = T5
∫
D
√
det gD h d
6x (5.5)
where D is the exceptional divisor and h is the (pull back of the) warp factor. Here
the latter is given by the expression (D.10) in terms of the mode expansion discussed
in appendix D. The determinant of the metric pulled back to the divisor is simply
√
det gD =
r6⋆
83
sin θ1 sin θ2 sin θ3 . (5.6)
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After subtituting these results into the worldvolume action one obtains
S =
T5 r
6
⋆
83
∑
I
YI(ξ0)
∗ ψI(r⋆)
∫
D
sin θ1 sin θ2 sin θ3 YI(ξ) d
6x . (5.7)
Explicitly, the integral reads
∫
D
sin θ1 sin θ2 sin θ3 YI(ξ) d
6x = CI
3∏
i=1
∫ π
θi=0
∫ 2π
φi=0
sin θi e
imi φiJ0, li,mi(θi) dθi dφi .(5.8)
Here CI is a normalization constant that ensures the mode YI has unit norm. The
φi integrals vanish unless mi = 0. Then J0, li, 0(θi) reduces to a Legendre polynomial
Pli(cos θi), so that ∫ π
θi=0
sin θi Pli(cos θi) dθi = 2 δli, 0 . (5.9)
Therefore ∫
D
sin θ1 sin θ2 sin θ3 YI(ξ) d
6x = 26 π3 C0
3∏
i=1
δli, 0 δmi, 0 . (5.10)
Subtituting this back into the expression for S one finds
S =
26 π3 T5 r
6
⋆
83
|C0|2 ψ0,0,0(r⋆) . (5.11)
From (D.45), (D.46) and (D.47) we have
ψ0,0,0(r⋆) =
1
r20
2F1
(3
4
, 1,
7
4
,
(r2⋆
r20
)4)
, |C0|2 =
29 π2N ℓ6p
3
. (5.12)
Finally, substituting the explicit M5 brane tension results in the warped volume
S =
2N
3
r6⋆
r60
2F1
(3
4
, 1,
7
4
,
(r2⋆
r20
)4)
. (5.13)
Note that for r0 → r⋆ we get S ∼ −N2 log(r0 − r⋆) = − log ρN , where for the last
equality we used (C.2) and (C.3).
5.3.2 The L2 harmonic two-form
The key observation in this subsection is that the warped volume (5.13) of the excep-
tional divisor is closely related to the L2 normalizable two-form β which is Poincare´
dual to the six-cycle. The claim is that the precise relation between the two is (for
N = 1)
β =
1
π i
∂∂¯S . (5.14)
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Here the derivatives are regarded as acting on the coordinates of the point y = (r0, ξ0),
which recall is the location of the stack of M2 branes. We shall prove this claim in
full generality in §5.4. Here we first prove it in the current explicit example, where
it is convenient to use the coordinate system in section B.1. From (C.2) we see that
r80 = r
8
⋆ + ρ
4, so in the new coordinate system we can write (setting N = 1)
S =
2
3
r6⋆
(ρ4 + r8⋆)
3
4
2F1
(3
4
, 1,
7
4
,
r8⋆
ρ4 + r8⋆
)
. (5.15)
After some algebra it can be shown that
(∂¯ − ∂)S = i r
6
⋆
(ρ4 + r8⋆)
3/4
g5 , (5.16)
where
g5 = dψ +
3∑
i=1
cos θi dφi , (5.17)
and therefore (5.14) reads
β = ∂∂¯
(
1
π i
S
)
=
1
2
d(∂¯ − ∂)
(
1
π i
S
)
=
1
2π
d
(
r6⋆
(ρ4 + r8⋆)
3/4
g5
)
. (5.18)
Going back to the original coordinates we then have
β =
1
2π
d
(
r6⋆
r60
g5
)
. (5.19)
This is easily checked to be a harmonic two-form with respect to the unwarped metric,
and also L2 with respect to this metric. To see that β is indeed Poincare dual to the
six-cycle, we choose the following closed form on X = O(−2,−2,−2)→ (CP1)3
µ =
sin θ1 sin θ2 sin θ3
26 π3
dθ1 ∧ dφ1 ∧ dθ2 ∧ dφ2 ∧ dθ3 ∧ dφ3 . (5.20)
It is easy to see that ∫
D
µ = 1 ,
∫
X
β ∧ µ = 1 . (5.21)
Hence β is L2 normalizable and Poincare´ dual to the divisor, as claimed.
5.3.3 Critical points
Formally, the superpotential that is induced by the instanton action that we have
calculated in the previous subsections is given by
W = e−S = exp
[
2N
3
r6⋆
r60
2F1
(3
4
, 1,
7
4
,
(r⋆
r0
)8)]
, (5.22)
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where S is given in (5.13). This is something of a formal statement, since in reality
what we have computed is the on-shell Euclidean action of the wrapped M5 brane as
a function of the moduli of the SUGRA background. Here essentially r⋆ is a Ka¨hler
modulus, while r0 is a modulus associated to the position of the stack of M2 branes. On
the other hand, the superpotential should be a function of the corresponding spacetime
fields in Minkowski space, obtained by promoting these moduli to dynamical fields. In
the unwarped case there is essentially no distinction between the two, but in the warped
case it is not known how to do this at present, and the situation is much less clear.
Note also that we have only computed the real part of S, and hence absolute value of
W . Thus the best we can do is to examine the critical points of e−S interpreted directly
as a superpotential on the SUGRA moduli space. It is straightforward to compute
∂r0 S =
4N r6⋆ r0
r8⋆ − r80
. (5.23)
For r⋆ > 0 there are no critical points of S. In order for dW = 0 we must then
necessarily have r0 = r⋆, which gives S = +∞ and W = 0 on this locus. In this
case the branes move only on the six-cycle. Clearly, this is always a solution since
the “superpotential” (5.22) is identically zero if the branes are moving on the divisor
D. For r⋆ = 0 there are formally no contributions of instantons to the superpotential.
However, notice this is a singular limit of the SUGRA solution in which the six-cycle is
blown down. In the absence of instantons of the course M2 branes are free to propagate
on the cone C(Q222) in which the six-cycle is blown down.
In §E we have performed the same computation of the warped volume in the much
simpler toy example of the Eguchi-Hanson manifold. Interestingly, the same quali-
tative results on the behaviour of the warped volume (basically the non-perturbative
superpotential) are obtained.
5.4 EM5 brane instantons: general discussion
In this section we describe how the above calculations for Q222 generalize to more
general Calabi-Yaus.
5.4.1 Geometric set-up
Throughout this section we assume we are given an asymptotically conical Ka¨hler
manifold X of complex dimension n, with metric g = gX and Ka¨hler two-form ω.
This means that the manifold X is non-compact, and that the metric g asymptotically
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approaches the cone metric dr2+r2gY , where Y = ∂X is the compact base of the cone.
The metric gY is then Sasakian, by definition. In fact this is slightly too general for
the situation we are interested in. More precisely, we want X to be a resolution of the
singularity at r = 0 of the cone C(Y ) ∼= (R≥0× Y )∪ {r = 0}. This means that there is
a proper birational map π : X → C(Y ) which is a biholomorphism on the restriction
X \ E → {r > 0} ⊂ C(Y ). Less formally, the resolution X replaces the singular point
{r = 0} of the cone by the exceptional set E = π−1(r = 0). For physical applications
we require the metric g on X to be Ricci-flat and hence Calabi-Yau. Then by definition
X above is a crepant resolution of the cone singularity. In fact this won’t really affect
the computations that follow.
Of particular interest for us in this section are the exceptional divisors in X . These
are the irreducible (prime) divisors of E = π−1(r = 0). Call these irreducible compo-
nents Ei. Since X is contractable onto E we have
H2n−2(X,R) ∼= H2n−2(E,R) ∼=
⊕
i
H2n−2(Ei,R) ∼= Rb2n−2(X) , (5.24)
so that i = 1, . . . , b2n−2(X) = dimH2n−2(X,R). Thus the exceptional divisors Ei
generate the homology of X in codimension two. Notice that if b2n−2(X) = 0 then
the resolution has no exceptional divisors and the resolution is said to be small. For
example, the resolved conifold is a small resolution of the cone over T 1,1, since the
exceptional set is E ∼= CP1; similarly, the resolutions of Q111 considered in §4 are
small.
5.4.2 L2 harmonic two-forms
Another key result for us is that in the above situation
H2L2(X, g) ∼= H2(X, Y,R) ∼= H2n−2(X,R) , (5.25)
for n > 2. Here H2L2(X, g) denotes the L2 normalizable harmonic two-forms on X
(which thus depends on the metric g). That is, the codimension two cycles in X are
1-1 with the prime exceptional divisors, and these are also 1-1 with the L2 normalizable
harmonic two-forms on X , as long as n > 2. This result about L2 harmonic forms holds
in general for complete asymptotically conical manifolds, and was proven in [60]. In
dimension n = 2, instead H2L2(X) ∼= Im [H2(X, Y,R)→ H2(X,R)]. For example, for
the Eguchi-Hanson manifold the map H2(X, Y,Z)→ H2(X,Z) is multiplication by 2,
so that there is a unique L2 harmonic two-form, up to scale.
57
We shall need some more information about these harmonic forms. First, we note
that the harmonic two-forms are of Hodge type (1, 1). This is because they are Poincare´
dual to divisors in X , so if there was a (0, 2) part of the harmonic form it would be
cohomologically trivial and hence12 identically zero by the result of [60].
Pick a particular D = Ei and normalize the associated L
2 harmonic two-form so that
it is Poincare´ dual to D. We may then think of the harmonic form as the curvature
of a Hermitian line bundle L = LD – the divisor bundle for D. If s is a local nowhere
zero holomorphic section of L over an open set U ⊂ X , and H is the Hermitian metric
on L, then we may write the harmonic form as
β |U = 1
2πi
∂∂¯ logH(s, s) . (5.26)
This is a standard result. Notice that β here does not depend on the choice of local
holomorphic section s. We will be interested in the special case where we take U as
large as possible, which is U = X \D. By construction, the line bundle LD is trivial
over U , with trivializing nowhere zero holomorphic section s. We pick an s, and write
H = H(s, s) for the corresponding real function on X \D.
We next note that logH is itself a harmonic function on X \D. To see this, suppose
generally we have a harmonic (1, 1)-form β. Because (X, g) is complete, this means β
is both closed and co-closed. The co-closed condition involves computing the Hodge
dual of β, which is
⋆ β = −β ∧ ωn−2 + (ωyβ)ωn−1 . (5.27)
Here we have simply used that vol = ωn/n! and that β is type (1, 1). Thus βijωimωjn =
βmn. By definition, ωyβ = (1/2!)ωijβ
ij. Thus if β is closed, then ⋆β is co-closed if and
only if ωyβ is closed, i.e. constant.
Thus we learn that for a harmonic (1, 1)-form β, ωyβ is in fact constant. Now, for
an L2 form on an asymptotically conical manifold this constant is in fact necessarily
zero. To see why, we must look at the asymptotics of β. This was studied in appendix
A of [21]. Here we have a two-form, so p = 2 in Table 4 of that reference, and we are
interested in L2∞, so that the form is normalizable at infinity. For n > 2, p < n so
the normalizable modes are of type II and type III−. However, the type II modes are
constructed from harmonic one-forms on the base Y , and there are not any of these
12Notice this result definitely fails for spaces that are not asymptotically conical. A good example
is the Taub-NUT space, which has no two-cycles but does have an L2 harmonic two-form.
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as (Y, gY ) is a positive curvature Einstein manifold so b1(Y ) = 0 by Myers’ theorem.
Thus asymptotically, the two-form β is to leading order of the form
β ∼ d(r2−n−νβµ) , (5.28)
where βµ is a massive co-closed one-form along Y
∆Y βµ = µβ , (5.29)
and
ν =
√
(n− 2)2 + µ . (5.30)
Consider now ωyβ. Since asymptotically ω ∼ (1/2)d(r2η), where η = i(∂¯ − ∂) log r is
the contact one-form of the Sasakian manifold (Y, gY ), we have
ωyβ ∼ r−n−ν
[
(2− n− ν)βµyη + 1
2
dβµydη
]
. (5.31)
Since ν > 0 it follows that ωyβ → 0 at infinity. Since we have also shown that ωyβ
is constant, it follows that this constant is zero. If we write β as in (5.26) on X \D,
then ωyβ = 0 is equivalent to saying that logH is harmonic. This just follows from
the form of the scalar Laplacian on a Ka¨hler manifold: ∆f = −2ωyi∂∂¯f .
As an aside comment that will be important below, the first non-zero eigenvalue µ is
bounded below by 4(n−1). In fact, this is saturated precisely byKilling one-forms – see,
for example, [61]. Thus µ ≥ 4(n−1) and correspondingly ν ≥√(n− 2)2 + 4(n− 1) =
n.
We thus conclude that logH is a harmonic function. It will be crucial in what follows
that logH is not in fact defined everywhere on X . By construction, it is defined only
on X \ D. Along D in fact logH is singular. This is simply because D is the zero
set of s, which has a simple zero along D by assumption. Thus if z = ρ eiθ is a local
complex coordinate normal to D, with D at ρ = 0, then logH blows up near to D like
log ρ2 = 2 log ρ.
5.4.3 The instanton action
An instantonic brane wrapped on an exceptional divisor D = Ei is calibrated and
supersymmetric – for example, a D3 brane for n = 3 in Type IIB string theory or an
M5 brane for n = 4 in M-theory. These are in 1-1 correspondence with the homology
59
classesH2n−2(X,R), and moreover there is a unique L2 harmonic two-form associated to
each irreducible exceptional divisor, which is Poincare´ dual to the divisor, as discussed
above.
Let G[y](x) denote the Green’s function onX , with a fixed (Ricci-flat) Ka¨hler metric,
normalized so that
∆xG[y](x) = 2π
1√
det gX
δ2n(x− y) . (5.32)
Consider the on-shell action of an instantonic brane, given by the following Green’s
function weighted volume of D:
V =
∫
D
G[y]
√
det gD d
2n−2x =
∫
D
G[y]
ωn−1
(n− 1)! . (5.33)
This is the relevant formula both for D3 branes and M5 branes, where the warp factor
is h = NG/T , with N the number of spacetime filling branes and T the tension of the
wrapped instanton brane. The warped volume V depends on the source point y ∈ X ,
so V = V (y). Of course, it also depends on the choice of Ka¨hler metric. If we consider
the Calabi-Yau case, we know that there is a unique metric in each Ka¨hler class, so we
may think of V also as a function of the Ka¨hler class: V = V (y; [ω]). Then we claim
that
V (y) = −1
2
logH(y) . (5.34)
Of course, logH depends implicitly on the Ka¨hler metric since the associated harmonic
form does also. Notice this result actually provides a formula for the L2 harmonic two-
forms on an asymptotically conical Ka¨hler manifold, in terms of the Green’s function
on X . This is a new mathematical result, as far as we are aware.13
The strategy for proving this claim involves three steps: (i) show that V (y) is a
harmonic function on X \D, (ii) show that V diverges as − log ρ along D, (iii) show
that the two-form i∂∂¯V is L2. These steps show that the latter two-form is an L2
harmonic form that is Poincare´ dual to D. We may then appeal to the uniqueness of
such a form.
Step (i). This is straightforward. We want to compute ∆y acting on V . Using that
the Green’s function G[y](x) is symmetric in its arguments, so G[y](x) = G[x](y), then
provided y /∈ D
∆yV =
∫
D
(∆yG[y](x))
√
det gD d
2n−2x = 0 . (5.35)
13We thank Tamas Hausel for discussions on this.
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The last step follows since y /∈ D. This shows that V (y), interpreted as a function on
X \D, is indeed harmonic.
Step (ii). Near to the source point y we have
G[y](x) =
2π
(2n− 2)vol(S2n−1)ρ2n−2 (1 + o(1)) , (5.36)
where ρ denotes geodesic distance from y, where we regard the latter as fixed. Here
vol(S2n−1) is the volume of a unit (2n− 1)-sphere, which appears in this computation
as a small sphere around the point y. The divergence is a local question, so this is really
a question in Euclidean space. Let us take the local model Cn−1 × C, with complex
coordinate z on C. We suppose that the divisor D is locally z = 0 in this patch, and
that the point y is (0, z) in this coordinate system. The integral over D is finite outside
a ball Bδ of fixed radius δ > 0 in C
n−1×{0}, so we would like to analyse the divergence
in the integral
2π
(2n− 2)vol(S2n−1)
∫
Bδ
1
(R2 + |z|2)n−1R
2n−3dR dVol(S2n−3) , (5.37)
as |z| → 0. This is easily seen to be(
−1
2
log |z|2
)
· 2πvol(S
2n−3)
(2n− 2)vol(S2n−1) . (5.38)
We next need the ratio of volumes of spheres:
vol(S2n−1) =
2πn
(n− 1)! , (5.39)
so that the divergence is(
−1
2
log |z2|
)
· 2π · 2π
n−1(n− 1)!
(2n− 2) · 2πn(n− 2)! = −
1
2
log |z|2 = − log |z| . (5.40)
This shows that V diverges as − log |z| = − log ρ near to D, as claimed.
Step (iii). We consider the two-form ddcV (y) as the point y tends to infinity. Since
we have already shown this two-form is harmonic, it will have an asymptotic expansion
as in Appendix A of [21]. There are three types of modes, I, II and III. As already
mentioned, there are in fact no modes of type II since Y has no harmonic one-forms.
The modes of type I are pull-backs of harmonic two-forms on Y , which are not L2.
The modes of type III± are of the form
d
(
r2−n±νβµ
)
, (5.41)
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with ν =
√
(n− 2)2 + µ2 as above. The III− modes are L2, while III+ are not. Thus
we must show that ddcV has leading term of type III−, so that it is normalizable at
infinity and hence normalizable.
Since V is globally defined on X \ D, we immediately see that there can be no
mode of type I since near infinity ddcV is exact. Thus we are reduced to analysing the
asymptotic r-dependence of the one-form dcV .
If we regard the point x as fixed, then as y tends to infinity we have
G[y](x) =
2π
(2n− 2)vol(Y )r2n−2 (1 + o(1)). (5.42)
Then
β =
1
2π
ddc
∫
D
G[y]
ωn−1
(n− 1)! , (5.43)
gives to leading order
β ∼ −vol(D)
vol(Y )
d
(
r2−2nη
)
. (5.44)
We thus conclude that
2− n± ν = 2− 2n . (5.45)
From the comment above, this means that we indeed have a normalizable mode III−,
and moveover that ν = n and hence µ = 4(n − 1) saturates the lower bound on the
eigenvalue. The Killing one-form η is of course dual to the R-symmetry.
This completes our proof.
As a final check on the last asymptotic formula, we can compare with the Eguchi-
Hanson result (E.56). These indeed agree, noting that vol(D) = πc2 and vol(Y ) = π2
in this case.
5.4.4 The superpotential
To conclude our results thus far, we have proven in general that
e−V (y, [ω]) =
√
H(y) , (5.46)
where (1/2πi)∂∂¯ logH is the unique L2 harmonic two-form that is Poincare´ dual to the
divisor D wrapped by the instanton. The on-shell action of this instanton is V . Notice
that
√
H has a simple zero along D, as expected on general grounds. In fact locally
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H = H(s, s) = e2g|s|2, where g is function and s is a holomorphic section of the divisor
bundle LD. Again, this was expected from arguments in [65], where the phase that
pairs with V , coming from the Wess-Zumino term in the action, was studied. Thus
the result presented here is rather complimentary to the discussion in reference [65].
Restoring the factor of N , our computation hence shows that, formally at least, we
have the superpotential
W = e−NV (y; [ω]) =
√
HN = eNg|s|N . (5.47)
This is interpreted as a function of both the Ka¨hler class, and also the position of the
stack of M2 branes y ∈ X , and generalizes the result (5.22) we derived explicitly for
Q222. A critical point of this W requires either a critical point of V , or else V = ∞.
Since V = −1
2
logH , the first case requires a critical point of the harmonic function
logH . By the maximum principle, notice that such a critical point cannot be either a
local maximum or a local minimum of logH .
6 Conclusions
In this paper we set out to study abelian symmetries in the context of the AdS4/CFT3
correspondence. In particular, we considered gauge fields in AdS4 arising from KK re-
duction of the SUGRA potentials over the b2(Y ) topologically non-trivial cycles (some-
times called Betti multiplets in the literature). In contrast to its better-understood
AdS5/CFT4 relative, the case at hand displays many more subtleties. The key dif-
ference resides in the fact that gauge fields in AdS4 admit, in a consistent manner,
quantizations with either of two possible fall-offs at the boundary, implying that the
gauge field can be dual to either a global symmetry or to a dynamical gauge field
in the boundary CFT. From the bulk perspective, electric-magnetic duality in the
four-dimensional electromagnetic theory in AdS4 amounts to exchanging these two
boundary fall-offs. In addition, from the bulk perspective one can shift the θ-angle
by 2π. Following [22], these two actions translate into particular operations on the
boundary theory, the T and S operations reviewed in §2.3, which then generate the
group SL(2,Z). As stressed in the main text, these actions exchange different bound-
ary conditions for the gauge field in AdS4. Correspondingly, the dual boundary CFTs
are different. Indeed, the whole of SL(2,Z) acts on the boundary conditions for the
bulk gauge fields, leading in general to an infinite orbit of CFTs for each U(1) gauge
symmetry in AdS4. Understanding the structure of such orbits is a very interesting
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problem which we postpone for further work.
In this paper we have contented ourselves with studying the particular case of M2
branes moving in C(Q111).14 In [26, 27] a U(N)4 dual theory was proposed and further
studied. In §3.2 we proposed a choice of quantization for the abelian vector fields
in the Betti multiplets such that precisely two U(1)s are ungauged, leading to the
gauge group U(1)2 × SU(N)4. This leaves precisely two global symmetries that may
be identified with the two gauge fields coming from KK reduction of the SUGRA
six-form potential over five-cycles in Q111. A key point in that identification is that
the corresponding boundary conditions in the bulk AdS4 allow for electric wrapped M5
brane states. These M5 branes can be easily identified in terms of the toric geometry of
the variety. Since the field theory realizes the minimal GLSM, it is then straightforward
to identify the relevant U(1) symmetries in the QCS theory. In turn, this allows one
to construct dual baryonic operators to such M5 branes. It is then natural to consider
the spontaneous breaking of such symmetries, where the operator dual to such an M5
brane acquires a VEV. We analyzed in detail such SSB in §4. In particular, we have
been able to compute the VEV of the baryonic condensate, with precise agreement
with field theory expectations. We stress that this is a non-trivial check of the dual
theory, as this suggests that it does admit an IR superconformal fixed point with the
correct properties (specifically, R-charges) to be dual to M2 branes moving in C(Q111).
Along the lines of [29, 30], we have also been able to identify the Goldstone boson of this
SSB. However, a comprehensive understanding of these resolutions in the context of the
actions on the boundary conditions is still lacking. We postpone this for further work.
An interesting by-product of our computation is the finding of general expressions for
warped volumes in Calabi-Yau backgrounds, which are potentially of interest for other,
similar computations.
It is natural to extend our analysis and consider backgrounds with exceptional six-
cycles, as we briefly considered in §5. Upon resolution, Euclidean M5 branes can be
wrapped on these exceptional divisors. As opposed to the Type IIB counterpart case
for four-cycles, the M2 branes sourcing the background do not break SUSY any futher
than that preserved by the Euclidean brane in the resolution of the cone. Thus, in
very much the same spirit as in [33], it is natural to expect that these Euclidean branes
contribute as non-perturbative effects to the superpotential, even in the warped case.
Nevertheless, a comprehensive understanding of these issues is lacking. In this paper
14Although as described in §3.3, and further elaborated in §A, we expect similar results to hold for
other toric isolated four-fold singularities with no exceptional six-cycles.
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we have however taken some first steps towards understanding this by computing the
warped volume of such branes. In particular we studied in detail the example C(Q222),
which is a certain Z2 orbifold of C(Q111), as well as the Eguchi-Hanson manifold. In
extending our findings to more general geometries we have found expressions which
might be of relevance in other contexts.
It is fair to say that the AdS4/CFT3 correspondence still hides many mysteries. In
this paper we have scratched the surface of a few of them. We hope to be able to report
on further progress in the near future.
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A Isolated toric Calabi-Yau four-fold singularities
with no vanishing six-cycles
In [48] it was shown that the toric diagram of an isolated Calabi-Yau four-fold singu-
larity should satisfy the following conditions:
1. All the faces of the polytope should be triangular.
2. No lattice point should appear on faces or edges of the polytope.
Recall that, as explained in §2.3.2, the vα vectors define an affine toric Calabi-Yau
four-fold. This definition is unique up to a unimodular transformation R, where R ∈
GL(4,Z) and detR = ±1. The vectors vα may be written as vα = (1, wα) for an
appropriate choice of basis, where wα ∈ Z3 are the vertices of the three-dimensional
toric diagram. We will be interested in singularities with no vanishing six-cycles. We
will therefore demand, in addition, that no lattice points appear inside the polytope.
These toric diagrams are known as lattice-free polytopes. Such lattice-free polytopes
in three dimensions are characterized by the fact that they have width one (see for
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example [66] and references therein). This is sometimes referred to as Howe’s theorem,
and is translated into the fact that the vertices of any lattice-free polytope are sitting
in adjacent planes, i.e two lattice planes with no lattice points inbetween. These planes
can be chosen to be {z = 0} and {z = 1}.15 We want to start by showing that any
three-dimensional lattice-free polytope with more than four vertices describes a cone
over a seven-dimensional simply-connected Sasakian manifold.
From [47] we learn that the first and second homotopy groups of a toric Sasakian
manifold Y can be read straightforwardly from the toric diagram. The results for
Calabi-Yau four-folds are
π1(Y ) ∼= Z4/L , π2(Y ) ∼= Zd−4 , (A.1)
where L = spanZ{vα} is the span over Z of the space of d external vertices of the toric
diagram. According to the Hurewicz Theorem H2(Y ) ∼= π2(Y ) whenever H1(Y ) ∼=
π1(Y )/[π1(Y ), π1(Y )] is trivial. Therefore we see from (A.1) that for simply-connected
Sasakian manifolds b2(Y ) = d − 4, which is also the number of gauge groups in the
minimal GLSM describing this geometry. This immediately suggests that the number
of gauge nodes of the corresponding field theory, in the case that the latter is identified
with the minimal GLSM, is b2(Y ) + 2. The two additional gauge nodes correspond to
the U(1)s which are not quotiented by in forming the moduli space. Note from (A.1)
that Y is simply-connected if and only if the external vertices span Z4.
For polytopes with more than four vertices, three of the vertices must be co-planar.
Thus the matrix that describes four of the vertices can be written as follows
A =


1 1 1 1
0 x1 x2 x3
0 y1 y2 y3
0 0 0 1

 , (A.2)
where each column corresponds to a vertex (the x, y and z coordinates correspond to
the 2nd, 3rd and 4th rows, respectively). It is easy to see that by an R transformation
this can be brought into the form
B =


1 1 1 1
0 1 0 0
0 0 1 0
0 0 0 1

 . (A.3)
15If there are more vertices in one plane we choose it to be the {z = 0} plane without loss of
generality.
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To see that the matrices A and B are related by an R transformation first note that
| det(A−1B)| = 1/|(x1 y2−x2 y1)|. The denominator of the latter is just the area of the
parallelogram made up of two identical triangles defined by the first three columns in
A. The area of this triangle is 1/2, as this is the condition for a lattice-free triangle in
two dimensions.
The four vertices described by B span Z4. Therefore any three-dimensional lattice-
free polytope with more than four vertices corresponds to a simply-connected Sasakian
seven-manifold. This not always true for diagrams with four vertices, since in this case
each plane can contain two points.
To start our analysis we note that lattice-free polytopes with 4 vertices correspond
to a type of orbifold singularity that have been discussed intensively in the literature
(see e.g. Section 3.1 in [71]). This is a supersymmetric C4/Zk orbifold corresponding
to an isolated singularity that cannot be resolved, with the orbifold weights in this
case being (1,−1, q,−q) with gcd{k, q} = 1. As already noted in [12], if q > 1, for any
choice of U(1) isometry to reduce on, one can show that Y reduces in Type IIA to a
space with orbifold singularities. Therefore, it seems that these AdS4×Y solutions are
dual to field theories with no Lagrangian description. Thus we are left with the ABJM
orbifolds, obtained by taking q = 1, for which there are of course already field theory
candidates.
We continue with the classification of diagrams with five vertices, where recall that
we have shown that the first four vertices are described by B. Since the fifth vertex
should be in the {z = 1} plane (to prevent a face with 4 vertices) it can be written
as (1, x, y, 1) with x, y > 0.16 The only way to break the lattice-free condition would
be if there were points between (1, x, y, 1) and (1, 0, 0, 1). Thus we have to require
gcd{x, y} = 1. This concludes the classification of polytopes with five vertices. There
are no additional R transformations that connect between diagrams in this set; as we
show later, the corresponding GLSM charge matrix that describes this toric diagram
is unique for any choice of x and y.
Toric diagrams with 6 vertices are potentially more complicated, although we note
that these include the Q111 example studied in detail in this paper. 6 vertices is also
the maximal number since, otherwise, it is not possible to arrange the vertices in two
adjacent planes with the constraint that all faces are triangular.
16As can be easily seen from (A.4), toric diagrams with triangular faces obtained by picking other
values of x and y are related by R transformations.
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We continue now with a discussion of the geometries that correspond to the polytopes
obtained above. Recall that, given a toric diagram, one can recover the corresponding
Calabi-Yau four-fold via Delzant’s construction. In physics terms, this would be called
a GLSM description of the four-fold. Let us discuss the toric diagrams with five vertices
described above. The GLSM charge matrix can be computed by taking the null-space
of the G-matrix, obtaining
Qt = (x+ y,−x,−y,−1, 1) . (A.4)
Since the GLSM charge matrix contains one gauge group, we find that the correspond-
ing quiver should have 3 nodes. However, it is not possible to find a QCS field theory
for every value of x and y. First, note that there are no zero entries in Qt, therefore
there should be no adjoint fields in the quiver. The most general way to construct a
quiver with 3 nodes and 5 fields with no adjoints, such that there is an equal number of
in-going and out-going arrows at each node, is given in Figure 6. This quiver was also
Figure 6: The unique quiver that contains 3 nodes, 5 fields and no adjoints.
discussed in [67]. Since we are interested in field theories which reproduce the minimal
GLSM, we must have a toric superpotential which vanishes in the abelian case. The
natural candidate is
W = Tr ǫijCiDCjAB , (A.5)
where ǫij is the usual alternating symbol.
In this theory the only contribution to the GLSM matrix comes from the D-term,
which in this case reduces to
Qquiver = (−k1 − k2,−k1 − k2, k1 + k2, k2, k1) , (A.6)
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Note that two of the entries are equal while in general there are no equal entries in
Qt. Therefore the only hope to reproduce Qt (up to an overall minus sign) is to choose
k1 + k2 = ± 1. Substituting this back into Qquiver we obtain
Qquiver = (∓ 1,∓ 1,± 1,± 1− k1, k1) . (A.7)
Obviously we can reproduce Qt only for x = 1 or y = 1. For other values, the
geometries are not captured by the quiver that we have written. Indeed, it seems that
the AdS4 × Y spaces, where Y is the base of the corresponding isolated Calabi-Yau
singularity, reduce in Type IIA to singular spaces, for any choice of U(1) isometry on
Y . Thus the corresponding M2 brane theories apparently do not admit a Lagrangian
description, according to [12].
B Geometry of C(Q111) and its resolutions
The cone over Q111 is a non-complete intersection defined by 8 wi ∈ C such that
w1w2 − w3w4 = w1w2 − w5w8 = w1w2 − w6w7 = 0 ,
w1w3 − w5w7 = w1w6 − w4w5 = w1w8 − w4w7 = 0 ,
w2w4 − w6w8 = w2w5 − w3w6 = w2w7 − w3w8 = 0 .
One can check that these equations can be solved in general by taking
w1 = ρe
i
2
(ψ+φ1+φ2+φ3) cos θ1
2
cos θ2
2
cos θ3
2
, w2 = ρe
i
2
(ψ−φ1−φ2−φ3) sin θ1
2
sin θ2
2
sin θ3
2
,
w3 = ρe
i
2
(ψ+φ1−φ2−φ3) cos θ1
2
sin θ2
2
sin θ3
2
, w4 = ρe
i
2
(ψ−φ1+φ2+φ3) sin θ1
2
cos θ2
2
cos θ3
2
,
w5 = ρe
i
2
(ψ+φ1+φ2−φ3) cos θ1
2
cos θ2
2
sin θ3
2
, w6 = ρe
i
2
(ψ−φ1+φ2−φ3) sin θ1
2
cos θ2
2
sin θ3
2
,
w7 = ρe
i
2
(ψ+φ1−φ2+φ3) cos θ1
2
sin θ2
2
cos θ3
2
, w8 = ρe
i
2
(ψ−φ1−φ2+φ3) sin θ1
2
sin θ2
2
cos θ3
2
.
(B.1)
Since the cone over Q111 is both Ricci-flat and Ka¨hler the metric can be written as
gmn¯ = ∂m ∂n¯K, where K is the Ka¨hler potential. In the singular case, the most general
such Ka¨hler potential which one could write, compatible with the SU(2)3 × U(1)R
symmetry, is
K = F (ρ2) . (B.2)
We may resolve C(Q111) by blowing up a copy of CP1 ×CP1, as explained in the main
text. We take the corresponding Ka¨hler potential to be
K = F (ρ2) + a log(1 + |λ1|2) + b log(1 + |λ2|2) . (B.3)
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Here a, b are the resolution parameters of the two CP1s, coordinatized respectively by
λ1 =
w2
w6
= e−iφ2 tan
θ2
2
, λ1 =
w5
w1
= e−iφ3 tan
θ3
2
. (B.4)
The Ricci tensor for a Ka¨hler manifold is related to the determinant of the metric as
Ra¯b = −∂¯a¯∂b log det g. For the case at hand, the determinant of the metric reads
det g = (F ′ + ρ2F ′′)(a+ ρ2F ′)(b+ ρ2F ′)F ′ , (B.5)
where ′ ≡ d
dρ2
. It is useful to define γ = ρ2 F ′. Then Ricci flatness implies
γ′γ(a+ γ)(b+ γ) =
ρ2
32
. (B.6)
Integrating this expression and setting the integration constant to zero we obtain
γ4 +
4
3
(a+ b)γ3 + 2abγ2 =
ρ4
16
. (B.7)
In terms of γ the metric then becomes
ds2 = γ′ dρ2 +
ρ2γ′
4
(
dψ +
3∑
i=1
cos θidφi
)2
+
(a + γ)
4
(
dθ22 + sin
2 θ2dφ
2
2
)
+
(b+ γ)
4
(
dθ23 + sin
2 θ3dφ
2
3
)
+
γ
4
(
dθ21 + sin
2 θ1dφ
2
1
)
. (B.8)
It is now convenient to introduce a new radial coordinate r as r2 = 2γ. In terms of
this r the metric becomes
ds2 = κ−1dr2 + κ
r2
16
(
dψ +
3∑
i=1
cos θidφi
)2
+
(2a+ r2)
8
(
dθ22 + sin
2 θ2dφ
2
2
)
+
(2b+ r2)
8
(
dθ23 + sin
2 θ3dφ
2
3
)
+
r2
8
(
dθ21 + sin
2 θ1dφ
2
1
)
, (B.9)
with
κ =
2ρ2γ′
γ
. (B.10)
After some algebra, this is
κ =
(2A− + r2)(2A+ + r2)
(2a+ r2)(2b+ r2)
, (B.11)
where
A± =
1
3
(
2a+ 2b±
√
4a2 − 10ab+ 4b2
)
. (B.12)
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This metric has appeared in the literature in a slightly different form [68, 69].17 In
the main text we make use of yet another form which can be obtained by redefining
r =
√
8 ̺, a = 4 l22 and b = 4 l
2
3. After these redefinitions the metric becomes
ds2 = U−1d̺2 + U̺
(
dψ +
3∑
i=1
cos θidφi
)2
+ (l22 + ̺)
(
dθ22 + sin
2 θ2dφ
2
2
)
+(l23 + ̺)
(
dθ23 + sin
2 θ3dφ
2
3
)
+ ̺
(
dθ21 + sin
2 θ1dφ
2
1
)
; (B.13)
where
U =
3 ̺3 + 4 ̺2 (l22 + l
2
3) + 6 l
2
2 l
2
3̺
6 (l22 + ̺) (l
2
3 + ̺)
. (B.14)
C Geometry of C(Q222) and its resolutions
The cone C(Q222) is a Z2 orbifold of C(Q111), where Z2 ⊂ U(1)R acts on the fibre
coordinate ψ. Thus we can construct the variety by starting with the wi holomorphic
coordinates and taking the desired orbifold. In particular, it follows that the metric is
just that of C(Q111) with ψ ∈ [0, 2π].
We are interested in resolving this conical singularity. The computation of the metric
is formally similar to that for C(Q111). Thus, after defining γ = ρ2 F ′, we have the
equation
γ′ γ (a+ γ) (b+ γ) =
ρ2
32
. (C.1)
This equation is integrated into
γ4 +
4
3
(a+ b) γ3 + 2 a b γ2 − k = ρ
4
16
, (C.2)
where we have left a non-zero integration constant k. If k = 0 we reduce to the C(Q111)
case (locally). Following the same steps as for C(Q111), we introduce a new radial
variable
r2 = 2 γ , (C.3)
such that the metric reduces to
ds2 = κ−1dr2 + κ
r2
16
(
dψ +
3∑
i=1
cos θidφi
)2
+
(2a+ r2)
8
(
dθ22 + sin
2 θ2dφ
2
2
)
+
(2b+ r2)
8
(
dθ23 + sin
2 θ3dφ
2
3
)
+
r2
8
(
dθ21 + sin
2 θ1dφ
2
1
)
, (C.4)
17This form can be recovered by defining r =
√
2ρ, a = l22 and b = l
2
3.
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where now
κ =
r8 + 8
3
(a+ b) r6 + 8 a b r4 − 16 k
r4 (2 a+ r2) (2 b+ r2)
. (C.5)
Let us consider the case in which a = b = 0 and k 6= 0. Then
κ = 1− 16 k
r8
. (C.6)
Defining r8⋆ = 16 k, we have that close to r⋆, the metric approaches
ds2 =
r⋆
8 (r − r⋆) dr
2+
r⋆
2
(r−r⋆)
(
dψ+
3∑
i=1
cos θi dφi
)2
+
r2⋆
8
3∑
i=1
dθ2i +sin
2 θi dφ
2
i . (C.7)
Introducing a new radial variable u =
√
r⋆
2
(r − r⋆) we have
ds2 = du2 + u2
(
dψ +
3∑
i=1
cos θi dφi
)2
+
r2⋆
8
3∑
i=1
dθ2i + sin
2 θi dφ
2
i . (C.8)
Here in order to avoid a conical singularity the period of ψ must be 2π. Thus the
metric (C.4) is the resolution of C(Q222). Indeed, by redefinition of variables we can
recover the metric for the resolved C(Q222) that appeared in [68, 69].18
D The warp factor for resolutions of C(Q111) and
C(Q222)
We are interested in studying supergravity backgrounds corresponding to M2 branes
localized on the space X , which will be the resolution of either C(Q111) or C(Q111)
described in §B and §C respectively. After placing N spacetime-filling M2 branes at a
point y in the resolved space X we must solve the Green’s equation
∆xh[y] =
(2πℓp)
6N√
det gX
δ8(x− y) , (D.1)
for the warp factor h = h[y]. Here ∆ is the scalar Laplacian on X and gX is the metric
on the resolved cone. Using the explicit form of the Laplacian we can write
1√
det g
∂i
(√
det g gij∂jh
)
= −(2πℓp)
6N√
det g
δ8(x− y) . (D.2)
18This form can be recovered by starting with (C.4) and redefining r =
√
8 ρ+ r⋆ , l
2
1 =
2 a+r⋆
8
, l22 =
2 b+r⋆
8
, l23 =
r⋆
8
.
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Since we can choose coordinates such that the metrics we are considering are formally
identical
ds2 = κ−1dr2 + κ
r2
16
(
dψ +
3∑
i=1
cos θidφi
)2
+
(2a+ r2)
8
(
dθ22 + sin
2 θ2dφ
2
2
)
+
(2b+ r2)
8
(
dθ23 + sin
2 θ3dφ
2
3
)
+
r2
8
(
dθ21 + sin
2 θ1dφ
2
1
)
, (D.3)
we have that the Laplacian in both cases can be written as
1√
det g
∂i
(√
det g gij∂jh
)
=
∂r
(
r3(2a+ r2)(2b+ r2)κ ∂rh
)
r3(2a+ r2)(2b+ r2)
+Ah , (D.4)
where the angular Laplacian A is
Ah =
8
r2
∆1h +
8
2a+ r2
∆2h+
8
2b+ r2
∆3h+
16
r2κ
∂2ψh , (D.5)
with
∆i =
1
sin θi
∂θi(sin θi∂θi) +
( 1
sin θi
∂φi − cot θi∂ψ
)2
. (D.6)
As we show in (D.28) in the next subsection, we can expand the delta function in terms
of eigenfunctions of the Laplacian such that
1√
det g
δ8(x− y) = 1
r3(r2 + 2a)(r2 + 2b)
δ(r − r0)
∑
I
YI(ξ0)
∗YI(ξ) , (D.7)
where we denote collectively the angular coordinates as ξ, and define x = (r, ξ) and
y = (r0, ξ0). Then, the equation for the warp factor reads
1
f
∂r
(
f ∂rh
)
+ κ−1Ah = −(2πℓp)
6N
f
δ(r − r0)
∑
I
YI(ξ0)
∗YI(ξ) , (D.8)
where we have defined for simplicity
f = r3(2a + r2)(2b+ r2)κ . (D.9)
We can now expand h in eigenfunctions of the angular Laplacian. Since ξ0 is just a
point (not a variable), we can write
h =
∑
I
ψI(r) YI(ξ0)
∗ YI(ξ) . (D.10)
Then the radial equation we have to solve reduces to
1
f
∂r
(
f ∂rψI
)
− κ−1EI ψI = −(2πℓp)
6N
f
δ(r − r0) , (D.11)
where EI is the angular eigenvalue of YI , to which we now turn.
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D.1 Angular eigenfunctions in Q111
We want to consider (D.5) with fixed r and construct eigenfunctions of such an operator.
For this we first concentrate on each of the ∆i operators. For each θ, these look like
∆i =
1
sin θ
∂θ(sin θ∂θ) +
( 1
sin θ
∂φ − cot θ∂ψ
)2
. (D.12)
Note that these angular Laplacians are the same as those for the conifold. As such,
many technical details and results can be borrowed from [29].
We consider the following function
Y = J(θ) eimφ eiRψ/2 . (D.13)
It is obvious that
∆iY =
{ 1
sin θ
∂θ(sin θ∂θJ)−
( m
sin θ
− cot θR
2
)2
J
}
J−1Y . (D.14)
Therefore it is interesting to consider the following eigenfunctions
1
sin θ
∂θ(sin θ∂θJ)−
( m
sin θ
− cot θR
2
)2
J = −EJ . (D.15)
This equation has two solutions, given in terms of hypergeometric functions
JAl,m,R = sin
m θ cot
R
2
θ
2
2F1
(
− l +m, 1 + l +m; 1 +m− R
2
; sin2
θ
2
)
, (D.16)
and
JBl,m,R = sin
R
2 θ cotm
θ
2
2F1
(
− l + R
2
, 1 + l +
R
2
; 1−m+ R
2
; sin2
θ
2
)
, (D.17)
where we have introduced a labelling for the quantum numbers distinguishing the
eigenfunctions. If m ≥ R
2
solution (D.16) is non-singular while if m ≤ R
2
it is (D.17)
that is the non-singular solution. Both have eigenvalue under each ∆i operator given
by
E = l(l + 1)− R
2
4
. (D.18)
Given these results, we can consider the functions
YI = CI Jl1,m1,R(θ1)Jl2,m2,R(θ2)Jl3,m3,R(θ3) ei (m1φ1+m2φ2+m3φ3) eiRψ/2 , (D.19)
where the multi-index I stands for {(l1, m1), (l2, m2), (l3, m3), R} and where CI is just
a normalization factor such that the norm of YI is one. It is now clear that
AYI = −EIYI , (D.20)
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with
EI =
8 l1(l1 + 1)
r2
+
8 l2(l2 + 1)
r2 + 2a
+
8 l3(l3 + 1)
r2 + 2b
+ 2R2
( 2
r2κ
− 1
r2
− 1
r2 + 2a
− 1
r2 + 2b
)
.
(D.21)
We now note that the YI are also eigenfunctions of the singular cone. Indeed, we can
consider the Laplacian on the unit Q111, namely A˜|a=0=b;r=1. Then
A˜YI = −E˜IYI , (D.22)
with
E˜I = 8 l1(l1 + 1) + 8 l2(l2 + 1) + 8 l3(l3 + 1)− 2R2 . (D.23)
Therefore, the YI are also normalized eigenfunctions for the A˜ operator. Being eigen-
functions of a Hermitian operator, these satisfy∫
d7ξ
√
det g˜ YI(ξ)
∗YJ(ξ) = δI−J , (D.24)
and therefore ∑
I
YI(ξ1)
∗YI(ξ2) =
1√
det g˜
δ7(ξ1 − ξ2) , (D.25)
where we use ξ to generically parametrize the angular coordinates and g˜ stands for the
angular part of the metric. One can check very easily that
√
det g = r3(r2 + 2a)(r2 + 2b)
√
det g˜ . (D.26)
Therefore, if we denote x = (r, ξ) and y = (r0, ξ0) we have
1√
det g
δ8(x− y) = 1
r3(r2 + 2a)(r2 + 2b)
δ(r − r0) 1√
det g˜
δ7(ξ − ξ0) . (D.27)
Using the completeness relation above we may hence write
1√
det g
δ8(x− y) = 1
r3(r2 + 2a)(r2 + 2b)
δ(r − r0)
∑
I
YI(ξ0)
∗YI(ξ) . (D.28)
D.2 Angular eigenfunctions in Q222
Since C(Q222) is a Z2 orbifold of C(Q111) along ψ it is clear that the local computation
of the previous subsection will not be changed. Thus, we just have to take care of
global issues. Recall that the wavefunctions in C(Q111) are
YI = CI Jl1,m1,R(θ1)Jl2,m2,R(θ2)Jl3,m3,R(θ3) ei (m1φ1+m2φ2+m3φ3) eiRψ/2 . (D.29)
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Since now ψ ∈ [0, 2π], it is clear that the well-behaved YI will be those for which R
is even; that is, R = 2 R˜. Therefore, dropping the tilde, the angular wavefunctions in
C(Q222) are
YI = CI Jl1,m1,R(θ1)Jl2,m2,R(θ2)Jl3,m3,R(θ3) ei (m1φ1+m2φ2+m3φ3) eiRψ , (D.30)
such that
AYI = −EIYI , (D.31)
with
EI =
8 l1(l1 + 1)
r2
+
8 l2(l2 + 1)
r2 + 2a
+
8 l3(l3 + 1)
r2 + 2b
+ 8R2
( 2
r2κ
− 1
r2
− 1
r2 + 2a
− 1
r2 + 2b
)
.
(D.32)
D.3 The warp factor for Q111
We now want to use the results derived so far to compute explicitly the warp factor
for the resolution of the C(Q111) space. We will consider the stack of branes to be
sitting on the exceptional locus, where both the U(1) fibre and the (θ1, φ1) sphere
shrink to zero size. This means that h = h(r, θ2, θ3), which in turn implies that R and
l1 in (D.19) vanish. Then, under these assumptions, the multi-index I takes the values
I = {(l2, m2), (l3, m3)}. Indeed, we will assume the branes are located at the north
pole of each of the two two-spheres. As such, we should consider also m2 = m3 = 0.
Therefore, for such cases the angular eigenfunctions JA and JB coincide and reduce,
for each sphere, to Legendre polynomials
Jl,0,0 = 2F1(−l, 1 + l; 1; sin2 θ2) = Pl(cos θ) , (D.33)
such that for the case at hand where only l2, l3 6= 0
Yl2,l3 = Cl2,l3 Pl2(cos θ2)Pl3(cos θ3) , (D.34)
and
EI =
8 l2(l2 + 1)
r2 + 2a
+
8 l3(l3 + 1)
r2 + 2b
. (D.35)
Thus, from (D.11) we see that the equation to solve reads
1
f
∂r
(
f ∂rψI
)
−
(8 l2(l2 + 1)
r2 + 2a
+
8 l3(l3 + 1)
r2 + 2b
)
κ−1 ψI = −(2πℓp)
6N
f
δ(r) . (D.36)
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We are interested in the simplified case in which, say, only b 6= 0. Under such assump-
tion, also the (θ2, φ2) sphere shrinks to zero, so that we can also consider l2 = 0. Then
the corresponding angular wavefunctions are
Yl3 = Cl3 Pl3(cos θ3) . (D.37)
Also from (B.11) and (D.9) we see that
κ =
r2 + 8b
3
r2 + 2b
, f = r5 (r2 +
8b
3
) . (D.38)
Then the equation to solve reduces to
∂r
[
r5 (r2 +
8b
3
) ∂rψI
]
− 8 r5 l3(l3 + 1)ψI + (2πℓp)6Nδ(r) = 0 . (D.39)
The two solutions are
ψ
(1)
I ∼
( 8b
3r2
) 3
2
(1−β)
2F1(−1
2
− 3
2
β,
3
2
− 3
2
β, 1− 3β,− 8b
3r2
) , (D.40)
ψ
(2)
I ∼
( 8b
3r2
) 3
2
(1+β)
2F1(−1
2
+
3
2
β,
3
2
+
3
2
β, 1 + 3β,− 8b
3r2
) ,
with
β =
√
1 +
8
9
l3(l3 + 1) . (D.41)
Since β ≥ 1, for large r only the ψ(2)I solutions decay at infinity, and these are therefore
the solutions of interest.
We can now state the result for the warp factor, which turns out to be
h =
∑
l3
Cl3
( 8b
3r2
) 3
2
(1+β)
2F1
(
− 1
2
+
3
2
β,
3
2
+
3
2
β, 1 + 3β,− 8b
3r2
)
Pl3(cos θ3) , (D.42)
where we collect all normalization factors in Cl3 .
D.4 The warp factor for Q222
We will compute the warp factor for N M2 branes in arbitrary location. As was shown
above, the equation to solve is (D.11) where now we should use (C.5) for κ. We will
be interested in the simpler case in which a = b = 0. Moreover, as we explain in the
main text, the interesting contribution is that coming from R = li = 0. Under this
simplification, the equation to solve now reads
∂r
(
r7 (1− r
8
⋆
r8
) ∂rψI
)
= −(2πℓp)6N δ(r − r0) . (D.43)
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Solving for r > r0 we obtain
ψ> =
1
r6
2F1
(6
8
, 1,
7
4
,
(r2⋆
r2
)4)
, (D.44)
and for r < r0 instead
ψ< =
1
r60
2F1
(3
4
, 1,
7
4
,
(r2⋆
r20
)4)
2F1
(
0,
6
8
,
3
4
,
(r2
r2⋆
)4)
. (D.45)
Indeed, the leading term for large r corresponds to li = 0, and in this limit
h ∼ |C0|
2
r6
≡ R
6
r6
. (D.46)
Recall that for C(Q222)
R6 =
29 π2N l6p
3
. (D.47)
E The Eguchi-Hanson manifold as a toy model
In this appendix we illustrate, with the aid of a simple toy model, some of the compu-
tations derived in §5.4.
E.1 Harmonic forms
In this subsection we derive the normalizable harmonic two-form in the Eguchi-Hanson
manifold. This two-form will be important later on when we show how the warped
volume of the exceptional divisor can be inferred from it. The Eguchi-Hanson metric
is
ds2 =
dr2
1− c4
r4
+
r2
4
(
1− c
4
r4
)(
dψ + cos θ dφ
)2
+
r2
4
(
dθ2 + sin2 θ dφ2
)
. (E.1)
To avoid a conical singularity at r = c when c > 0 we have to take ψ ∈ [0, 2π]. It is
natural to define the one-form vielbein
g5 = dψ + cos θ dφ , eθ = dθ , eφ = sin θ dφ . (E.2)
Then a natural ansatz for a closed and co-closed two-form is
β˜ = eθ ∧ eφ + d(f g5) , f = f(r) . (E.3)
It is immediate that this form is closed. The Hodge dual is
⋆ β˜ =
2
r
(1− f) dr ∧ g5 + r
2
df
dr
eθ ∧ eφ . (E.4)
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Thus co-closedness implies
d
dr
(
r
df
dr
)
+
4
r
(1− f) = 0 . (E.5)
Choosing the solution decaying at infinity, this can be integrated into
f = 1 +
A
r2
, (E.6)
A being an integration constant which we will fix to A = −1. Thus the self-dual
harmonic two-form is
β˜ =
1
r2
sin θ dθ ∧ dφ+ 2
r3
dr ∧ g5 . (E.7)
We may define a normalized two-form βˆ as βˆ = c
2
2
√
2π
β˜. Changing now to the following
coordinate system
z1 = (r
4 − c4)1/4 e i2 (ψ+φ) sin θ
2
z2 = (r
4 − c4)1/4 e i2 (ψ−φ) cos θ
2
, (E.8)
the normalized two-form now reads
βˆ = ∂zi∂z¯j Sβ dzi ∧ dz¯j , Sβ = i
1
π
√
2
arctanh
c2
r2
. (E.9)
It is then easy to see that ∫
XEH
βˆ ∧ ⋆βˆ = 1 . (E.10)
E.2 Laplace operator
Prior to the computation of the warped volume, in this subsection we derive the warp
factor for the Eguchi-Hanson manifold. Thus, we are interested in solving the Green’s
equation
✷EH h =
1√
det g
∂i
(√
det g gij ∂j h
)
= N δ
4(x− p)√
det g
, (E.11)
where p is some arbitrary point in the Eguchi-Hanson manifold and N is a normaliza-
tion factor. After some algebra one can see that
✷EH h =
1
r3
∂r
(
r3 f ∂r h
)
+
4
r2
∆h+
4
r2 f
∂2ψ h , (E.12)
where we have introduced the operator
∆ =
1
sin θ
∂θ
(
sin θ ∂θ
)
+
( ∂φ
sin θ
− cot θ ∂ψ
)2
, (E.13)
79
and defined for simplicity
f = 1− c
4
r4
. (E.14)
Coming back to the Green’s equation, denoting collectively the angular coordinates by
ξ and x = (r, ξ) and p = (rp, ξp), we can write (E.11) as
✷EH h =
8N
r3
δ(r − rp) δ(ψ − ψp) δ(θ − θp) δ(φ− φp)
sin θ
. (E.15)
It is now useful to think of the Eguchi-Hanson manifold as a resolution of a Z2
orbifold of C2 which has been resolved with the parameter c. From this point of view,
the metric on the singular cone would be simply
ds2 = dr2 + r2
{1
4
(
dψ + cos θ dφ
)2
+
1
4
(
dθ2 + sin2 θ dφ2
)}
, (E.16)
where ψ ∈ [0, 2π]. The Laplacian in this cone is
✷C h =
1
r3
∂r
(
r3 ∂r h
)
+
1
r2
A h , (E.17)
where we have introduced the angular Laplacian A
A = 4∆+ 4 ∂2ψ . (E.18)
As usual, with the normalized eigenfunctions of A
A YR, l,m = −ER, l,m YR, l,m , (E.19)
we can construct a representation of the delta function on the base of the cone. This
delta function is precisely the part appearing in the original Green’s problem we are
interested in. Thus
∑
R, l,m
YR, l,m(ξp)
∗ YR, l,m(ξ) =
δ(ψ − ψp) δ(θ − θp) δ(φ− φp)
sin θ
. (E.20)
In order to find the explicit form for the YR, l,m(ξ) eigenfunctions we start by writing
YR, l,m(ξ) = e
iRψ eimφ Jl,m(θ) , (E.21)
where R, m ∈ Z. Then, the Jl,m functions satisfy
1
sin θ
∂θ
(
sin θ ∂θJl,m
)
−
( m
sin θ
− R cot θ
)2
Jl,m = −ER, l,m
4
Jl, m . (E.22)
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One can then verify that the solutions to this equation are
JAl,m(θ) = sin
m θ cotR
θ
2
2F1
(
− l +m, 1 + l +m, 1 +m−R, sin2 θ
2
)
, (E.23)
and
JBl,m(θ) = sin
R θ cotm
θ
2
2F1
(
− l +R, 1 + l +R, 1−m+R, sin2 θ
2
)
, (E.24)
and that for both
ER, l,m = 4
(
l(l + 1)− R2
)
. (E.25)
If m ≥ R the solution JAl,m is singular, while if m ≤ R it is the solution JBl,m that
becomes singular. Of course, for R = m both solutions coincide. Because of this,
depending on R we should use one or the other.
Finally, the normalized eigenfunctions which we are after are
YR, l,m(ξ) = AR, l,m eiRψ eimφ Jl,m(θ) , (E.26)
where AR, l,m encodes the normalization. It is now clear that we should expand h as
h =
∑
R, l,m
ψR, l(r) YR, l,m(ξp)
∗ YR, l,m(ξ) . (E.27)
After substituting this and (E.20) into (E.15), a straightforward computation shows
that ψR, l satisfies
1
r3
∂r
(
r3 f ∂r ψR, l
)
−
{4(l(l + 1)− R2)
r2
+
4R2
r2 f
}
ψR, l =
8N
r3
δ(r − rp) . (E.28)
The two solutions of this equation are
ψ(1) ∼
(
1− c
4
r4
) |R|
2
(r
c
)2 l
2F1
(−l + |R|
2
,
1− l + |R|
2
,
1
2
− l, c
4
r4
)
, (E.29)
and
ψ(2) ∼
(
1− c
4
r4
) |R|
2
(c
r
)2+2 l
2F1
(1 + l + |R|
2
,
2 + l + |R|
2
,
3
2
+ l,
c4
r4
)
. (E.30)
First we want to check which is the regular solution for r > rp. For that we check the
large r limit
ψ(1) →
(r
c
)2 l
, ψ(2) →
(c
r
)2+2 l
. (E.31)
Thus we conclude that the solution to use for r > rp is ψ
(2).
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In order to find the r < rp solution, it is better to re-write the solutions of the above
equation as
ψ˜(1) ∼
(r4
c4
− 1
) |R|
2
2F1
(−l + |R|
2
,
1 + l + |R|
2
,
1
2
,
r4
c4
)
, (E.32)
and
ψ˜(2) ∼ r
2
c2
(r4
c4
− 1
) |R|
2
2F1
(1− l + |R|
2
,
2 + l + |R|
2
,
3
2
,
r4
c4
)
. (E.33)
The regular solution appears as a linear combination of these two solutions. To see
this, let us define
ψ =
(r4
c4
− 1
) |R|
2
[
A1 2F1
(−l + |R|
2
,
1 + l + |R|
2
,
1
2
,
r4
c4
)
+ (E.34)
A2
r2
c2
2F1
(1− l + |R|
2
,
2 + l + |R|
2
,
3
2
,
r4
c4
)]
.
In order to ensure finiteness as r tends to c, we have to set
A2 = −A1
2 Γ
(
1−l+|R|
2
)
Γ
(
2+l+|R|
2
)
Γ
(
−l+|R|
2
)
Γ
(
1+l+|R|
2
) , (E.35)
for modes where |R| > l and the parity of R and l is the same. The other modes
should be set to zero. Subtituting this result into (E.34) and suppressing the overall
factor A1, we obtain
ψ ∼
(r4
c4
− 1
) |R|
2
[
2
F1
(−l + |R|
2
,
1 + l + |R|
2
,
1
2
,
r4
c4
)
(E.36)
−
2 Γ
(
1−l+|R|
2
)
Γ
(
2+l+|R|
2
)
Γ
(
−l+|R|
2
)
Γ
(
1+l+|R|
2
) r2
c2
2F1
(1− l + |R|
2
,
2 + l + |R|
2
,
3
2
,
r4
c4
)]
,
which is the well-behaved solution for r < rp.
In the following subsections it will become clear that the interesting mode for us is
the one with R = l = 0. With this choice (E.30) and (E.36) become
ψ> = A
(c
r
)2
2F1
(1
2
, 1,
3
2
,
c4
r4
)
, (E.37)
and
ψ< = A
( c
rp
)2
2F1
(1
2
, 1,
3
2
,
c4
r4p
)
2F1
(
0,
1
2
,
1
2
,
r4
c4
)
, (E.38)
82
where A is a normalization constant. To normalize these solutions we consider the
r → ∞ limit in (E.27). We see that in this limit h ≃ A |A0, 0, 0|2 c2/r2. Thus, if we
integrate (E.11) we get
A |A0, 0, 0|2 c2 = N
2 vol(ΩEH)
, (E.39)
where ΩEH ∼= S3/Z2 is the the base of the Eguchi-Hanson manifold at infinity. Explic-
itly this volume is
vol(ΩEH) =
∫
ΩEH
√
det g =
1
8
∫ 2π
0
dψ
∫ 2π
0
dφ
∫ π
0
sin θ d θ = π2 . (E.40)
Thus, in the convention in which N = 2 π we have
A =
1
π c2 |A0, 0, 0|2 . (E.41)
E.3 Warped volumes
We are now interested in computing the warped volume of the blown-up divisor in the
Eguchi-Hanson manifold. This reads
S =
∫
D
√
det gD h d
2x , (E.42)
where D is the blown-up S2 = CP1 at r = c, and gD and h are the pull-backs of the
metric and warp factor to D, respectively. After substituting (E.27) and
√
det gD =
c2
4
sin θ , (E.43)
into this expression one obtains
S =
c2
4
∑
l,m
ψl(c)
∫
D
Y0, l,m(ξp)
∗ Y0, l,m(ξ) d2ξ . (E.44)
We now proceed by evaluating the integral∫
D
Y0, l,m(ξp)
∗ Y0, l,m(ξ) d2ξ = |A0, l,m|2 e−imφp Jl,m(θp)
∫
dθ dφ sin θ eimφ Jl,m(θ) .
(E.45)
The φ integral forces that only the m = 0 term contributes. Thus∫
D
Y0, l,m(ξp)
∗ Y0, l,m(ξ) d2ξ = 2π δm,0 |A0, l, 0|2 Jl, 0(θp)
∫ π
0
dθ sin θ Jl, 0(θ) . (E.46)
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Furthermore, the Jl,0(θ) are just Legendre polynomials in cos θ. One can then see that
all integrals are zero except for the l = 0 mode. Thus∫
D
Y0, l,m(ξp)
∗ Y0, l,m(ξ) d2ξ = 4π δm,0 δl,0 |A0, 0, 0|2 . (E.47)
So finally
S = π c2 |A0, 0, 0|2 ψ<(c) . (E.48)
ψ<(c) can be read from (E.38) together with the normalization at (E.41). Neglecting
the label p in rp we obtain our final extremely simple result:
S = arctanh
c2
r2
. (E.49)
E.4 Harmonic forms from the warped volume
In this subsection we show how to rederive the harmonic two-form, that was derived
in the first subsection, using the warped volume just computed. As shown in the first
subsection, the two-form
βˆ = ∂∂¯Sβ (E.50)
is harmonic, where
Sβ = i
1
π
√
2
arctanh
c2
r2
. (E.51)
Recall here that r ≥ c, with the exceptional divisor D = {r = c} being a copy of CP1.
Moreover, βˆ is normalized so that∫
XEH
βˆ ∧ ⋆βˆ = 1 , (E.52)
where XEH = O(−2) → CP1 is the Eguchi-Hanson manifold. The first claim is that
the correctly normalized Poincare´ dual to D = CP1 is
β =
√
2βˆ . (E.53)
Indeed, then ∫
XEH
β ∧ ⋆β = −
∫
XEH
β ∧ β = 2 . (E.54)
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We require the 2 here since this is the Euler number of the normal bundle to the
exceptional CP1. Thus, in our notation in the main text,
logH = (2πi)
√
2Sβ = −2π · 1
π
arctanh
c2
r2
= log
r2 − c2
r2 + c2
. (E.55)
The radial coordinate near to D = CP1 is ρ =
√
r − c, so that D is at ρ = 0. Thus we
see that, near to D, logH blows up as log ρ2, precisely as claimed in the main text.
Also notice that β may be written
β = −c
2
π
d
(
r−2η
)
. (E.56)
Here η = 1
2
(dψ − cos θdφ). Thus the mode βµ = η in this case, which in particular is
a Killing one-form. Thus µ = 4 and hence 2 − n − ν = −ν = −√µ = −2, which is
the power of r above. This confirms the claims about the asymptotic expansion in this
case.
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